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Abstract
Eighth-BPS local operators in N = 4 SYM are dual to quantum states arising from
the quantization of a moduli space of giant gravitons in AdS5 × S5. Earlier results on the
quantization of this moduli space give a Hilbert space of multiple harmonic oscillators in 3
dimensions. We use these results, along with techniques from fuzzy geometry, to develop a
map between quantum states and brane geometries. In particular there is a map between
the oscillator states and points in a discretization of the base space in the toric fibration of
the moduli space. We obtain a geometrical decomposition of the space of BPS states with
labels consisting of U(3) representations along with U(N) Young diagrams and associated
group theoretic multiplicities. Factorization properties in the counting of BPS states lead
to predictions for BPS world-volume excitations of specific brane geometries. Some of our
results suggest an intriguing complementarity between localisation in the moduli space of
branes and localisation in space-time.
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1 Introduction
The study of BPS states in the non-planar regime of four-dimensional N = 4, U(N) Yang-
Mills theory (SYM) has been a very rich area of research, allowing investigations of the
AdS/CFT correspondence [1–3] beyond the supergravity approximation. In the regime of
energies of order N , the states correspond to D3 brane geometries in the bulk, also known
as “giant gravitons” [4]. For the case of half-BPS giant gravitons, the gauge theory duals
were found in terms of operators associated with Young diagrams [5, 6]. The operators
are related to states by the operator-state correspondence in the radial quantization of the
conformal field theory. An elegant description of the moduli space of eighth-BPS giant
gravitons was found in terms of holomorphic surfaces in C3 [7]. The construction of gauge
theory operators associated with this general class of giant graviton geometries has been a
long-standing problem.
The correspondence between SYM operators and brane geometries for the half-BPS sec-
tor has been particularly illuminating, shedding light on the emergence of the AdS5 × S5
background where the dual strings propagate. The giant gravitons in the half-BPS sector
are systems of multiple spherical D3 branes, expanding either in S5 (sphere giants) or in
AdS5 (AdS giants) [8, 9]. The Schur basis for multi-trace operators in the gauge theory
constructed from one complex matrix are associated with Young diagrams of U(N) (with no
more than N rows). They offer natural candidates for duals of these brane geometries [5] [6].
Operators with order 1 long columns (length order N) correspond to sphere giants while
those with order 1 long rows (length order N) correspond to AdS giants. This basic picture
has been confirmed by constructing modifications of the Schur operators, which correspond
to attaching strings to the branes [10–16]. The prescription can be described in terms of
“restricted Schur” operators constructed using restrictions of symmetric group representa-
tions to their subgroups. It leads to evidence of integrability beyond the setting of the usual
planar limit [17–19]. The open string excitations include vibrations of the branes, which
have been studied from the world-volume perspective in [20].
The sector of quarter-BPS or eighth-BPS states, annihilated by 8 or 4 supercharges
respectively, is far less understood. The eighth-BPS brane geometries extending in S5 were
constructed in [7]: the moduli space of these solutions is the moduli space of intersections of
a four-dimensional holomorphic surface in C3, with S5. These configurations are more rich
than those in half-BPS sector, containing intersecting branes, vibrating branes and other
intricate surfaces. There has been significant progress in constructing quarter- or eighth-
BPS operators in field theory [21–25]. However the problem of finding precise duals to these
brane geometries is still unsolved.
Eighth-BPS operators in the U(3) sector of SYM are constructed from holomorphic
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gauge invariant functions of three complex scalar matrices, subject to the condition that
they are annihilated by the one-loop dilatation operator1. It is in principle possible to
do this systematically [24] and calculate an orthogonal basis of eighth-BPS operators for
any fixed charges in terms of representation theory. In practice, however, the procedure is
computationally difficult due to calculation of Clebsch-Gordan coefficients, and only possible
for charges of order O(1). In order to study duals of brane geometries we need a basis at
energies of O(N) with large N , and no such basis has been explicitly constructed.
One description of the eighth-BPS sector in SYM is provided by the chiral ring, where
the states built from three chiral scalars are identified up to F-terms. It was used in [26]
to calculate the exact spectrum of eighth-BPS states. The number of states as a function
of the three U(1) charges was found to agree with the counting of states of N bosons in a
3D harmonic oscillator. The structure of the chiral ring is, however, not enough to calculate
operator two-point functions which provide an inner product. The explicit construction of
gauge invariant operators, which are annihilated by the one-loop dilatation operator, would
allow the calculation of this inner product and would help find duals of the brane geometries.
The eighth-BPS spectrum can be constructed either by quantizing the moduli space of
giant gravitons large in the AdS5 directions [27] or alternatively by quantizing [28, 29] the
giants which are large in the S5 directions [7]. Our main interest in this paper will be
the giants which are large in S5 It was argued that the quantization of this moduli space
is equivalent to the geometric quantization of a complex projective space. This physical
moduli space is related to the moduli space of polynomials in three complex variables, also
a projective space, through a non-trivial procedure. This procedure involves, among other
things, the shrinking of holes in the moduli space of polynomials associated with polynomials
whose zero set does not intersect the S5. The partition function over the resulting Hilbert
space exactly matched the one counting elements of the chiral ring. This construction thus
gives additional structure to the states in the chiral ring: it maps them to states in a Hilbert
space, which, furthermore, has structure carried over from the moduli space of branes.
In this paper, we initiate a systematic study of the correspondence between quantum
states in the geometric quantization of the physical moduli space and explicit eighth-BPS
brane geometries. This can be viewed as an intermediate step in connecting quantum states
associated to gauge theory operators (by the operator state correspondence) with the ge-
ometries.
Let us state that our main focus is not the construction of an overcomplete basis
1There is a more general class of eighth-BPS operators involving fermionic highest weights which form
the U(3|2) sector. In this paper we will always work in the U(3) subsector and eighth-BPS or simply BPS
will refer to this. If desired the considerations can be restricted to the U(2) or quarter-BPS sector.
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of coherent states associated with arbitrary points on the moduli space, but rather the
association of subspaces of moduli space to a complete basis of orthogonal energy eigenstates.
We expect that combining the constraints associated with orthogonality, completeness and
symmetries can be a powerful guide in finding how gauge theory local operators map to
branes in the dual space-time. In studying the map between geometric quantization states
and geometries, we find that fuzzy geometry provides the ideal set of tools. A lot of work has
been done on fuzzy projective spaces with a view to modeling fuzzy space in string theory
or with a view to regulating continuum field theories. We are able to draw on and apply
this existing literature to clarify how the oscillator basis corresponds to the geometry of the
moduli space of branes.
This allows us to predict some physical properties of various brane configurations, such
as the BPS open string spectrum: a check that has been crucial in the study of half-BPS
states. The understanding of this Hilbert space lets us make predictions about the structure
of Hilbert space of BPS operators in the gauge theory. In particular, we develop a new group-
theoretic labelling of the states which relies on the decomposition of the moduli space of giant
gravitons according to the degree of the polynomials appearing in the Mikhailov description.
From the AdS/CFT correspondence, this geometric and group theoretic labelling will apply
equally to the gauge theory construction of operators and can be expected to provide a
valuable guide in this construction.
We start the paper in Section 2 by reviewing the eighth-BPS brane geometries found
in [7] and their quantization according to [29].
In Section 3 we review some fuzzy geometry techniques and apply them to study the
correspondence between Hilbert space and classical geometries. Once we have a space of
states H, we also have a space of operators forming the endomorphisms End(H). In the case
at hand, by considering the space of states coming from quantized projective spaces CPn, the
corresponding algebra of operators can be identified with a fuzzy CPn, with fuzziness 1/N .
We will also recall the structure of CPn as a toric manifold with a T n fiber over a simplex
in Rn. By using fuzzy geometry constructions, we find that the states are uniformly spread
out along the tori but localized at points in the simplex. This makes contact with recent
literature on fuzzy projective spaces as models of space in string theory [30–34]. From this
point of view, distinguished states lie at the corners (vertices) of the simplex.
In Section 4, we use the connection between BPS states and quantization of projective
spaces, to give a group theoretic labelling of the states in terms of U(3) representations
Λ along with a Young diagram Y of U(N). States with specified Λ, Y are generically not
unique, but all additional multiplicities are described in terms of other group theory data
such as Littlewood-Richardson numbers. This is one of our main new results. We discuss
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the geometry of the above labelling of states in terms of fibration structures of projective
spaces and of the simplices in the base of their toric fibrations.
We study the physics of the states at the corners of the base simplex in Section 5. We
find that the polynomial equation in the Mikhailov description of these giants is actually a
monomial equation, simply setting to zero a monomial. For these corner states, the subtleties
of the map between the physical moduli space and the moduli space of Mikhailov polynomials
can be obviated by using symmetries. These branes share the property of being static with
the familiar maximal giants of the half-BPS sector, although they are not the most general
static configurations, these being general homogeneous polynomials. We interpret these
corner states described by monomial equations as composites of maximal half-BPS giants
with angular momentum in different directions, along similar lines to [35] Hence we will refer
to these corner states as maximal giants. We consider the states in the Hilbert space which
are near the states for these maximal brane geometries, and disentangle them into a tensor
product of bulk closed string excitations and world-volume open string excitations. The
spectrum of world-volume excitations is consistent with the interpretation of the brane as a
composite of half-BPS maximal giants. It gives specific predictions which should be testable
by construction of operators in the gauge theory or by world-volume calculations for branes
in the bulk space-time.
In Section 6, we display the tensor product structure of open and closed string excitations
in the form of factorization properties of the partition function. A very useful strategy in
order to exhibit this in the simplest way is to focus on states which are near the stringy
exclusion principle [36] cut-off, i.e states which exist in the Hilbert space for rank N , but not
for rank N − 1. The phenomenon of the stringy exclusion principle [36] and its explanation
by the growth of a brane [4] is a remarkable example of how classical geometry explains the
disappearance of specific quantum states as the rank of the gauge group is changed. This is
in fact one of the key ingredients in the map between Young diagram operators for half-BPS
in the gauge theory and brane geometries [5, 6]. It is therefore no surprise that the stringy
exclusion principle continues to be illuminating in the eighth-BPS sector.
In Section 7 we consider Hilbert space of “nearby states” directly by going to the
Mikhailov’s polynomials, without assuming that the global structure of the physical moduli
space is given by projective spaces as argued by [29]. This is done by conducting a local
analysis of the symplectic form near the points on the moduli space, corresponding to ge-
ometries of interest. We do the case of perturbations around a single giant graviton. We
find agreement with the discussion in Sections 5 and 6.
In Section 8, we extend the discussion of the correspondence between states and geome-
tries beyond the maximal branes. This is substantially more subtle, but allows some geo-
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metrical understanding of the multiplicities encountered in the analysis of the world-volume
excitations of the maximal branes.
In Section 9, we discuss the implications of our results for the construction of gauge theory
operators. We observe that some of our results can be interpreted, at a qualitative level,
in terms of a complementarity between localization in space-time and localization of branes
in space-time. We also consider implications of the lessons we have learned for the broader
discussion of states and geometries in the context of bulk deformations of AdS spacetime
and black hole physics.
2 Review of phase space and quantization
In this section we will review how the phase space of eighth-BPS Mikhailov’s solutions in
AdS5 × S5 is described by CPn. This phase space can be geometrically quantized to give
a Hilbert space isomorphic to N bosons in a three-dimensional harmonic oscillator. The
material in this section is largely based on [29] and we refer the reader there for the more
complete treatment.
We first describe the moduli space of giant graviton solutions. The 3-brane action gives
a symplectic form on this space, which gives it the structure of a phase space. We describe
the symplectic form and then use the geometric quantization prescription [37] to build the
Hilbert space and operators.
The starting point is the following construction by Mikhailov [7]. We consider D3 branes
wrapping surfaces Σ ⊂ S5 in AdS5 × S5 which preserve 1/8 of supersymmetries (eighth-
BPS). Mikhailov showed that all such surfaces Σ can be constructed by taking holomorphic
functions in C3
P (x, y, z) =
∞∑
n1,n2,n3=0
cn1,n2,n3 x
n1yn2zn3 (2.1)
and intersecting the four-dimensional surface P (x, y, z) = 0 with the unit five-sphere |x|2 +
|y|2 + |z|2 = 1 embedded in C3. The intersection Σ is generically a three-dimensional surface
in S5 on which we wrap the D3 brane. More precisely, the shape of the D3 brane is a
time-dependent solution given by polynomial
P (eitx, eity, eitz) =
∞∑
n1,n2,n3=0
cn1,n2,n3 e
i(n1+n2+n3)txn1yn2zn3 (2.2)
That is, the time evolution keeps the shape of the D3 brane fixed, and it just rotates with a
phase factor in all coordinates.
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For the simplest example take the polynomial
P (x, y, z) = c z − 1. (2.3)
Then the P (x, y, z) = 0 surface is z = 1/c or time dependent z(t) = eit/c and intersection
with S5 is
|x|2 + |y|2 = 1− 1|c|2 . (2.4)
This defines a S3 ⊂ S5 with radius r = √1− 1/|c|2, which is the original half-BPS giant
graviton of [4].
We now analyze the phase space2M of such eighth-BPS giants in S5. Let us first consider
the space P of holomorphic surfaces in C3 given by3 P (z) = 0. The points in P are labelled
by coefficients {cn1,n2,n3}. In fact, the coefficients are projective coordinates {cn1,n2,n3} ∼
{λcn1,n2,n3}, because multiplying them by a common factor λ keeps the surface P (z) = 0
unchanged. It is convenient to regularize the infinite-dimensional space P by considering
a finite-dimensional subspace PC ⊂ P where only a subset {cn1,n2,n3 | (n1, n2, n3) ∈ C} of
coefficients are allowed to be non-zero. If nC is the number of elements in C, then we get
a space spanned by nC complex projective coordinates, that is, topologically PC = CPnC−1.
For example, we could take C = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)} for which PC is the
space of linear polynomials (see (2.19) in the next section), topologically CP3. In the end
the full P can be defined as a limit P = limd→∞PCd , where Cd is a sequence which includes
ever more monomials Cd ⊂ Cd+1. For example, Cd could be all coefficients that multiply
monomials of degree up to d. The important aspect of this construction is that at every step
we are dealing with a complex projective space CPnC−1. The limiting case is P = CP∞.
Next, the intersection of each P (z) = 0 with S5 is a surface Σ(P ) ⊂ S5 which defines the
shape of a D3 brane and therefore labels a point in the phase space M. That is, there is a
map
P →M (2.5)
The regularized subspace PC is mapped toMC , which is a finite-dimensional subspace ofM.
It is argued thatMC is also CPnC−1. One problem that has to be dealt with is that the map
is many-to-one, that is, different polynomials P (z) = 0 can lead to the same intersection Σ.
In fact, it was shown in [29] that two polynomials P1(z) and P2(z) have the same intersection
with S5 if and only if
P1(z) = p(z)r1(z), P2(z) = p(z)r2(z) (2.6)
2Note that surface Σ ⊂ S5 defines a point in phase space rather than just configuration space, because it
determines both position and velocity. This is a result of the BPS condition. See, for example, [20].
3We will often abbreviate P (x, y, z) as P (z), nevertheless, these are always polynomials of three complex
coordinates.
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where r1(z) = 0 and r2(z) = 0 do not intersect S
5. Therefore, in order to get the spaceMC
from PC , we need to identify
P (z) ∼ P (z)r(z) (2.7)
with any r(z) that does not intersect S5. Note that all polynomials r(z) that do not intersect
S5 are themselves identified with a single polynomial P (z) = 1, which is the vacuum point
(Σ = ∅) in the phase space. It was also shown in [29] that these identifications can be
performed smoothly and the resulting space MC is indeed still CPnC−1. Let us denote the
projective coordinates onMC by {wn1,n2,n3}, with indices running over the same set C. The
map PC →MC then takes the form of functions
wn1,n2,n3 = wn1,n2,n3(c, c¯) (2.8)
They should be such that wn1,n2,n3(c, c¯) = wn1,n2,n3(c
′, c¯′) whenever points cn1,n2,n3 and
c′n1,n2,n3 should be identified.
Let us now turn to the discussion of the symplectic form on the phase spaceMC , which
is necessary for quantization. The starting point is the world-volume action on a single D3
brane with no world-volume field strength or fermions:
S = SBI + SWZ =
1
(2pi)3(α′)2gs
∫
Σ
d4σ
√
−g˜ +
∫
Σ
A (2.9)
Here g˜ is the induced metric, and A is the four-form background gauge field, such that field
strength F = dA is proportional to S5 volume form. The symplectic form can then be
written as
ω =
∫
Σ
d3σ δ
(
δS
δx˙µ
)
∧ δxµ
=
N
2pi2
∫
Σ
d3σ δ
(√−gg0α ∂xν
∂σα
Gµν
)
∧ δxµ + 2N
pi2
∫
Σ
d3σ
δxλ ∧ δxµ
2
(
∂xν
∂σ1
∂xρ
∂σ2
∂xσ
∂σ3
)
λµνρσ
(2.10)
Now the metric Gµν and the induced metric gαβ = Gµν∂αx
µ∂βx
ν is taken on a unit radius
S5 (g is related to g˜ by rescaling). This symplectic form is defined on the phase spaceMfull
of all configurations of a D3 brane, supersymmetric or not. Space Mfull is, of course, much
larger than the supersymmetric subspaceM⊂Mfull. The “coordinates” onMfull are fields
{xµ(σ), x˙µ(σ)}, whereas M is parametrized by “collective coordinates” {wn1,n2,n3}. In any
case, we have a map MC → M → Mfull and the pullback of (2.10) defines a symplectic
form on M or MC . In fact, since we have a map PC →MC we can also take a pullback of
ω on the space of holomorphic polynomials PC . This pullback will inevitably be degenerate
and have singularities, but it can nevertheless be convenient for explicit calculations.
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Crucially, it was argued in [29], that not onlyMC is topologically CPnC−1, but also that
the symplectic form ω is globally well defined, closed, and in the same cohomology class
as 2piNωFS. This implies it is always possible to find such coordinates wn1,n2,n3 that the
pullback of (2.10) becomes proportional to the Fubini-Study form, with coefficient 2piN :
ω = 2piNωFS = 2N
[
1
1 + |w|2
dw¯I ∧ dwI
2i
− 1
(1 + |w|2)2
wIw¯J dw¯I ∧ dwJ
2i
]
(2.11)
Here |w|2 ≡ wIw¯I and we use shorthand wI for inhomogeneous coordinates on CPnC−1. For
example in the patch w0,0,0 = 1 the index I runs over nC − 1 remaining (n1, n2, n3) tuples in
C.
Once we have the phase space manifold as CPnC−1 with Fubini-Study form as the sym-
plectic form, the geometric quantization is well known. The Hilbert space HC is spanned by
wavefunctions, which are holomorphic polynomials of the nC projective coordinates wn1,n2,n3
of degree N
HC =
 ∏
(n1,n2,n3)∈C
(wn1,n2,n3)
kn1,n2,n3
∣∣∣ ∑ kn1,n2,n3 = N
 (2.12)
or equivalently polynomials of nC−1 inhomogeneous coordinates wn1,n2,n3 of degree up to N
(if we take e.g. w0,0,0 = 1 in the patch). It is important to note how N enters the definition
of Hilbert space purely through setting the scale of ω, which controls the effective Planck
constant 1/N or the area in phase space that a single quantum state occupies. As we increase
N , the area occupied by a state decreases, and we get more states in HC .
Finally, we need to discuss the conserved charges in the system. There is a natural U(3)
symmetry acting on the coordinates (x, y, z) which preserves the shape of Σ. The Cartan
subgroup U(1)3 rotating each coordinate by a phase will give three commuting charges
Li that we can use to label the states. The action (x, y, z) → (eiα1x, eiα2y, eiα3z) induces
transformation
cn1,n2,n3 → ein1α1ein2α2ein3α3cn1,n2,n3 (2.13)
on PC , as seen from (2.1). Now we also need to use the fact argued in [29] that the map
cn1,n2,n3 → wn1,n2,n3 can be done in a U(3) invariant way, so that the action on the final
MC ∼ CPnC−1 phase space coordinates is also wn1,n2,n3 → ein1α1ein2α2ein3α3wn1,n2,n3 . That
means we have three vector fields on MC generated by Li
VLi =
∑
n1,n2,n3
i niwn1,n2,n3∂n1,n2,n3 − i niw¯n1,n2,n3 ∂¯n1,n2,n3 (2.14)
We have used the abbreviation
∂n1,n2,n3 ≡
∂
∂wn1,n2,n3
∂¯n1,n2,n3 ≡
∂
∂w¯n1,n2,n3
(2.15)
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Upon geometric quantization these become operators on the Hilbert space
Lˆi =
∑
n1,n2,n3
niwn1,n2,n3∂n1,n2,n3 (2.16)
So that the charge of each excitation wn1,n2,n3 is simply ni under each of the respective U(1),
and the total charge of a state Ψ is the sum of all excitation charges. Note that the time
evolution is given by an overall U(1), generated by Hamiltonian
Hˆ = Lˆ1 + Lˆ2 + Lˆ3 (2.17)
This also reflects the BPS condition. Given the charge assignments we can write a partition
function over the Hilbert space (2.12)
ZC(x1, x2, x3) = TrHC
(
xL11 x
L2
2 x
L3
3
)
=
[ ∏
n1,n2,n3∈C
1
1− νxn11 xn22 xn33
]
νN
(2.18)
The notation [. . .]νN denotes the coefficient of ν
N , which enforces the degree N of wavefunc-
tion. This matches the partition function over the chiral ring in N = 4, and so reproduces
the correct supersymmetric spectrum from quantizing giant gravitons.
A comment needs to be made on the validity of the D3 world-volume action (2.9). It
certainly is a good description for large branes of energy O(N), but not for small ones with
high curvature. However, the spectrum of BPS gravitons at energies O(1) is still correctly
reproduced by HC derived from ω, and that part of the spectrum comes precisely from very
small D3 branes, where ω should not be valid. This may be a result of the fact that the full
symplectic form, corrected for small branes, is still in the same cohomology class as ω and
also U(3) invariant.
2.1 Example: single half-BPS giant
In order to illustrate various concepts in this section, let us quickly go through an example of
linear polynomials. It will also serve as a starting point for further calculations in this paper.
Take C = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}, then PC ∼ CP3 is the space of hyperplanes
P (z) = c1,0,0 x+ c0,1,0 y + c0,0,1 z + c0,0,0 = 0. (2.19)
We abbreviate c0 = c0,0,0, c1 = c1,0,0, c2 = c0,1,0, c3 = c0,0,1. For inhomogeneous coordinates
we set c0 = 1.
Intersection with S5 yields an S3 of radius
r =
√
1− 1|c1|2 + |c2|2 + |c3|2 ≡
√
1− 1|c|2 (2.20)
12
– the same as in (2.4), only U(3)-rotated. The energy and momenta of this solution are:
E = N
|c|2 − 1
|c|2 , Li = N |ci|
2 |c|2 − 1
|c|4 (2.21)
As typical, the map PC → MC is not one-to-one, the region |c|2 ≤ 1 does not intersect
S5 and so maps to a single point: the vacuum. Good coordinates on MC as CP3 can be
constructed by rescaling:
wi =

√
|c|2−1
|c|2 ci if |c|2 ≥ 1
0 if |c|2 ≤ 1
(2.22)
As explained in detail in [29], this smoothly contracts “the hole” at |c|2 ≤ 1 to a point
wi = 0.
The symplectic form, which in this case can be calculated explicitly using (2.10), takes
the following form in ci coordinates:
ω = 2N
[(
1
|c|2 −
1
|c|4
)
dc¯i ∧ dci
2i
−
(
1
|c|4 −
2
|c|6
)
cic¯j dc¯i ∧ dcj
2i
]
(2.23)
as long as |c|2 ≥ 1. In wi coordinates this becomes
ω = 2N
[
1
1 + |w|2
dw¯i ∧ dwi
2i
− 1
(1 + |w|2)2
wiw¯j dw¯i ∧ dwj
2i
]
, (2.24)
precisely 2piN times Fubini-Study form on CP3, with perfectly good behavior at |c|2 = 1 ∼
|w|2 = 0.
This CP3 can now be geometrically quantized to a Hilbert space HC of wavefunctions
Ψk1,k2,k3 = (w1)
k1(w2)
k2(w3)
k3(w0)
N−k1−k2−k3 (2.25)
or in terms of only inhomogeneous coordinates (setting w0 = 1)
Ψk1,k2,k3 = (w1)
k1(w2)
k2(w3)
k3 ,
∑
ki ≤ N (2.26)
The momenta are4
Lˆi Ψk1,k2,k3 = ki Ψk1,k2,k3 (2.27)
and total energy
Eˆ = k1 + k2 + k3 (2.28)
Note the maximum energy of a state in this HC is E = N , that of a maximal sphere giant,
corresponding to ci →∞ in (2.21).
4 Remember (2.16) e.g. L1 =
∑
n1wn1,n2,n3∂n1,n2,n3 = w1,0,0∂1,0,0 ≡ w1∂1
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Finally, let us emphasize one point which will be important later on: (2.24) is written
in inhomogeneous coordinates where w1 = w2 = w3 = 0 corresponds to the vacuum point
with E = 0. But we can equally well take a different coordinate patch in CP3, for example
where w3 = 1 and (w0, w1, w2) parametrize the point. The new inhomogeneous coordinates
are expressed in terms of the old ones as
w′0 =
1
w3
, w′1 =
w1
w3
, w′2 =
w2
w3
(2.29)
The symplectic form (2.24) has the same form in terms of (w′0, w
′
1, w
′
2). But now the point
w′0 = w
′
1 = w
′
2 = 0 corresponds to w3 → ∞, c3 → ∞, which is the maximal giant arising
from polynomial
P (z) = z = 0 (2.30)
We can choose to write the wavefunctions in terms of these coordinates
Ψ′k′0,k′1,k′2 = (w
′
0)
k′0(w′1)
k′1(w′2)
k′2 (2.31)
which is, of course, still the same Hilbert space as in (2.25), with a map Ψ′k′0,k′1,k′2 →
Ψk1=k′1,k2=k′2,k3=N−k′0−k′1−k′2 . One difference, though, is that now the vacuum Ψ
′
0,0,0 = 1 has
E = L3 = N , and the excitations can have negative charges:
Lˆ1 = w
′
1∂
′
1, Lˆ2 = w
′
2∂
′
2, Lˆ3 = −w′0∂′0 − w′1∂′1 − w′2∂′2, Hˆ = −w′0∂′0 (2.32)
Physically w′1 and w
′
2 quanta keep the giant energy the same, just rotate it in U(3), while
w′0 takes the giant away from maximal by decreasing energy and L3.
3 Fuzzy CP and giants as points on a simplex
The Hilbert space HC arising from geometric quantization of CPnC−1 is closely related to
fuzzy or non-commutative CPnC−1N . We will review this relation and use it to show how
the holomorphic basis of the Hilbert space, is related to a discretization of the base in
a description of CPnC−1N as a toric fibration over a simplex in RnC−1 [30–34, 38, 39]. The
wavefunctions are localized at points on the toric base and spread out in the torus fibers.
With the fuzzy CP technology in hand, we demonstrate this nice geometrical character of the
states, using elementary calculations of expectation values of SU(nC) Lie algebra elements
and their products, evaluated on states of HC . From this point of view, we find that the
corners of the simplex, where the tori degenerate, correspond to distinguished states. We
will return to these states in section (5). We will show that they correspond to maximal
giants, where the Mikhailov polynomials become monomials.
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In the case of half-BPS giant gravitons, this will allow us to relate the Young diagram
labels which arise in the construction of corresponding operators in the dual SYM theory,
to the coordinates of points in the discretized toric base, which as we will explain is a
simplex in RnC−1. The Young diagram labels have a physical interpretation in terms of
brane multiplicities for branes of different angular momenta.
This shows that fuzzy geometry can be a powerful tool in providing a precise connec-
tion between quantum states and localization, with its complementary non-locality due to
quantum uncertainty, in the moduli space of solutions.
The geometry of the discretized simplex will also play an important role in subsequent
sections, where we will develop the states-geometries connection further.
Going beyond the half-BPS sector to the eighth-BPS sector, a complete group theoretic
basis including U(3) representation labels, along with U(N) Young diagram labels, will be
developed in Section 4.
3.1 Fuzzy CP from operators on Hilbert space of giant states
The homogeneous coordinates for projective space CPnC−1 are W0,W1, · · · ,WnC−1. A com-
plete basis for rational functions is provided by
WI1WI2 · · ·WInW¯J1W¯J2 · · · W¯Jn
|W |2n (3.1)
where |W |2 = ∑nC−1i=0 WIW¯I . The denominator ensures that these functions are invariant
under scaling by a complex number WI → λWI . These functions span the function space
for CPnC−1, which we will denote as Fun(CPnC−1). This decomposes into irreducible repre-
sentations of SU(nC) as
Fun(CPnC−1) =
∞⊕
n=0
Fn,n¯ (3.2)
where Fn,n¯ transforms as an irreducible representation corresponding to the Young diagram
with n columns of length 1 and n columns of length of nC − 1, which we denote as [n, n¯].
As we reviewed in Section 2, the geometric quantization of giant gravitons for AdS5×S5
with N units of flux, in a sector of polynomials of dimension nC , leads to a quantization
of the moduli space CPnC−1 which produces a Hilbert space of holomorphic polynomials of
degree N . This Hilbert space HC consists of polynomials of degree N in the homogeneous
coordinates W0, · · · ,WnC−1. It can be viewed as the N -fold symmetric tensor product of the
fundamental VnC of SU(nC)
HC = SymN(VnC ) (3.3)
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This is also isomorphic to a Hilbert space of oscillators
(a†nC−1)
nnC−1 · · · (a†2)n2(a†1)n1(a†0)n0|0〉 (3.4)
with the constraint n0 + n1 + n2 + · · · + nnC−1 = N . Note also that this counting of
oscillator states is equivalent to counting of Young diagrams of U(N). The oscillator states
characterized by ni can be mapped to the Young diagrams with ni rows of length i.
The dimension is
Dim(HC) =
(
N + nC − 1
N
)
(3.5)
Given this Hilbert space, it is natural to consider the algebra of operators, i.e the endomor-
phism algebra End(HC). The decomposition into representations of SU(nC) is
End(HC) = SymN(VnC )⊗ SymN(V nC )
=
N⊕
n=0
Vn,n¯
(3.6)
where Vn,n¯ transforms as the irreducible representation [n, n¯] described above. A basis for
End(HC) is given by operators
WI1 · · ·WIn∂WJ1 · · · ∂WJn (3.7)
or in oscillator language
a†I1 · · · a†InaJ1 · · · aJn (3.8)
The indices on the oscillators range from 0 to nC − 1, and
[aI , a
†
J ] = δIJ (3.9)
It is clear that the operators in (3.8) have a cut-off at n = N , since polynomials of degree
N will be annihilated by more than N derivatives. The matrix algebra End(HC) provides
a finite dimensional approximation to Fun(CPnC−1) with an SU(nC) invariant cutoff at N .
The case nC = 3 has been much studied as a model for fuzzy brane world-volumes, fuzzy
spatial directions for Kaluza-Klein reduction in F-theory and elsewhere and as a model for
quantum field theory with a UV cutoff that preserves spatial symmetries. Here we are finding
the fuzzy CP in the set-up of quantizing a moduli space of giant gravitons.
The algebra End(HnC ) is generated by operators
EIJ = WI∂WJ (3.10)
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or in oscillator language
EIJ = a
†
IaJ (3.11)
These form a basis for the algebra of SU(nC)⊕ U(1)
[EIJ , EKL] = δJKEIL − δILEJK (3.12)
The traceless generators
E˜IJ = EIJ − δIJ N
nC
(3.13)
form the Lie algebra of SU(nC).
Using (3.9) along with the constraint∑
I
a†IaI = N in HnC (3.14)
we may also obtain the relations
EIJEJK = (N + nC − 1)EˆIK
EIJEJI = N(N + nC − 1)
E˜IJE˜JI = EIJEJI − N
2
nC
(3.15)
We also have
EIJEKL = a
†
Ia
†
JaKaL + δJKEIL (3.16)
If we define
eIJ =
1
N
EIJ
eIJ ;KL =
1
N2
a†Ia
†
JaKaL
eI1···In;J1···Jn =
1
Nn
a†I1 · · · a†InaJ1 · · · aJn
(3.17)
we have relations
[eIJ , eKL] =
1
N
(δJKeIL − δILeJK)
eIJeJI = 1 +
(nC − 1)
N
eIJeKL = eIJ ;KL +
δJK
N
eIL
(3.18)
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These relations simplify at large N . The eIJ generate a commutative algebra. We have
[eIJ , eKL] = 0
eIJeJI = 1
eIJeKL = eIJ ;KL = eILeJK
(3.19)
There is a homomorphism from these generators of End(HC) to Fun(CPnC−1) given by
eI1···In;J1···Jn ↔
1
Nn
WI1 · · ·WInW¯J1 · · · W¯Jn
|W |2n (3.20)
where |W |2 = ∑nC−1I=0 WIW¯I . The homomorphism property is easily established by verifying
that the functions on the RHS of (3.20) obey relations (3.19). At finite N , the algebra
End(HC) is a fuzzy deformation of Fun(CPnC−1). This can be made precise by using the
map to define a star product on the classical algebra [30] [39] [31].
3.1.1 Toric geometry of CP from the Lie algebra embedding
The coordinates eIJ give a description of CPnC−1 as embedded in Rn
2
C−1 ⊂ Rn2C which is the
Lie algebra of SU(nC) ⊂ U(nC). This is an example of a general construction of co-adjoint
orbits [30]. Another aspect of the geometry of CPnC−1 will be of interest to us, namely the
fact that it is a toric variety. Let us describe this in the cases of CP2, which generalizes to
the general nC > 3 case.
Given the homogeneous coordinates WI , we can impose the equivalence WI ∼ λWI by
first setting
WIW¯I = 1 (3.21)
and then modding out by a phase WI ∼ eiθWI . This shows that CPnC−1 is the base space
of a fibration of S2nC−1 with S1 fiber.
Consider the case nC = 3 where we have CP2. Lets us recall the toric description
[40]. Keeping in mind that |W0|2 = 1 − |W1|2 − |W2|2 ≥ 0, we can consider the quadrant
parametrized by coordinates |W1|2, |W2|2. The allowed values of |W1|2, |W2|2 fall inside a
triangle with vertices (0, 0), (0, 1), (1, 0). For each chosen point inside the triangle, there is,
in the CP2, a T 2 of phases given by (θ1 = arg W1, θ2 = arg W2). The cycle parametrized by
θ1 collapses on the vertical axis (|W1|2 = 0), the one parametrized by θ2 on the horizontal
axis (|W2|2 = 0), and the combination θ1 + θ2 collapses on the line |W0|2 = 0. See Figure 1.
This generalizes straightforwardly to CPnC−1. The toric description has a base space
which is a generalized tetrahedron or simplex in RnC−1 (for more on simplices see [41]).
There is a fiber T nC−1 related to angles of WI (modulo the overall U(1)).
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W1 2
W2 2
Θ1 - Θ2
Θ2
Θ1
HΘ1, Θ2L
W0 2 = 0
Figure 1: CP2 as a toric fibration. The base is the triangle (2-simplex) parametrized by
|W1|2, |W2|2 and the fiber is the torus (θ1, θ2). The fiber degenerates to a circle on the edges
of the triangle and to a point in the corners.
The identification
eIJ =
WIW¯J
|W |2 (3.22)
from (3.20) shows that the diagonal eII are equal to the coordinates used to parametrize the
toric base. The off-diagonal eIJ are sensitive to the angles. Their magnitudes are completely
determined once the diagonal generators are known since
eIJeJI = eIIeJJ (3.23)
We can write
eIJ =
√
eIIeJJ e
i(θI−θJ ) (3.24)
Hence, the off-diagonal elements of the Lie algebra are associated with the angular variables
of the toric description and the diagonal ones with the base space.
3.1.2 Giants: points on toric base and delocalized on fiber
For a state |~n〉 ≡ |n0, n1, n2, · · ·nnC−1〉 described by the monomial W n00 W n11 · · ·W
nnC−1
nC−1 we
can calculate
〈~n|eII |~n〉
〈~n|~n〉 = nI
〈~n|e2II |~n〉 − 〈~n|eII |~n〉2 = 0
(3.25)
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This shows that the states |~n〉 have definite locations on the toric base. For the off-diagonal
coordinates in the Lie algebra
XIJ =
EIJ + EJI√
2
YIJ = −iEIJ − EJI√
2
(3.26)
we have
〈~n|XIJ |~n〉 = 0 ; 〈~n|YIJ |~n〉 = 0
〈~n|X2IJ |~n〉
〈~n|~n〉 =
(
nInJ +
nI + nJ
2
)
〈~n|Y 2IJ |~n〉
〈~n|~n〉 =
(
nInJ +
nI + nJ
2
) (3.27)
The variances of these off-diagonal coordinates are non-zero and change along the base of
the toric fibration parametrized by 〈EII〉.
A related way to describe where these states are localized and where they are spread, is
to note that for any operator O in End(HC),
〈~n|O|~n〉 = tr OP~n (3.28)
where the projector P~n is |~n〉〈~n|. The trace is an SU(nC) invariant functional which becomes
an integral
∫
dΩ over CPnC−1 in the large N limit. The explicit form of the measure can
be derived, and will not be important. The projector P~n maps, under the correspondence
(3.20) between End(HC) and Fun(CP) to∏
I
(WIW¯I)
nI
|W |2∑I nI (3.29)
This can be viewed as a density matrix associated with the state |~n〉. It is independent of
the angular part of the WI , which shows that these states are delocalized in the toric fiber.
To make the discussion more concrete let us take the set C to be the set of coefficients
cn1,n2,n3 with n1+n2+n3 ≤ d. We are now looking at polynomials of degree up to d. The index
I in the above discussion runs over the triples (n1, n2, n3) with 0 ≤ n1 + n2 + n3 ≤ d. The
Hilbert space consists of polynomials in wn1,n2,n3 ≡ WI . The diagonal generators WI∂WI
of U(nC) ⊃ SU(nC) parametrize points in the toric base. A state such as wNn1,n2,n3 is
an eigenstate for the corresponding diagonal generator with maximal eigenvalue N , and has
vanishing eigenvalue for the other generators. This defines a corner point on the base simplex
for the toric fibration. Consideration of (3.27) shows that these states have distinguished
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localization properties. Indeed if a single nI is non-zero, and equal to N as required by the
condition
∑
I nI = N , then the uncertainty in the XIJ coordinates, given by
√〈X2IJ〉 − 〈XIJ〉
is order
√
N . If a pair of nI , nJ are non-zero, then the uncertainty in XIJ is of order N .
These states, maximally localized at specific points in the physical moduli space of giants
parametrized by wn1,n2,n3 , are natural candidates for the maximal (in the sense of being
composites involving large giants described by x = 0, y = 0, z = 0) giants described by the
polynomial xn1yn2zn3 = 0. Making this precise requires taking into account the fact that
there is a non-trivial relation between the coefficients cn1,n2,n3 of the polynomials and the
coordinates wn1,n2,n3 on the moduli space. This will be done in Section 5.1 in the context
of a discussion of quantum states near these corner points of the moduli space of giants in
terms of physical (closed and open-string) excitations.
3.2 Examples
We now describe how the connection between the discretized simplex at the toric base and
giant graviton states works in concrete sectors, starting with the fuzzy CP1 for a single
half-BPS giant.
3.2.1 Fuzzy CP1 from single half-BPS giant
Let us start with the canonical example of a single giant in the half-BPS sector. The space
of solutions can be parametrized by c in the polynomial P (z) = cz − 1 = 0. The coordinate
c is mapped to w in CP1 = S2 as reviewed in Section 2. We will see how fuzzy CP1 arises in
this context.
The Hilbert space H is {wn00,0,0wn10,0,1 |n0 + n1 = N}. This has an action of SU(2) ⊂ U(2).
The Lie algebra generators are E00, E11, E01, E10 given by (3.10) with W0 = w0,0,0,W1 =
w0,0,1. They generate the matrix algebra End(H) which approaches the algebra of functions
on the sphere in the large N limit.
To relate to the usual description of fuzzy S2 [42], we can define
E00 − E11 = 2J3
E01 + E10 = 2J1
−i(E10 + E01) = 2J2
(3.30)
The Ji obey the usual SU(2) relations
[Ji, Jj] = iijkJk (3.31)
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and the Casimir condition
J1J1 + J2J2 + J3J3 =
N(N + 2)
4
(3.32)
At N → ∞ we rescale xi = 2JiN . Then xixi ≈ 1 and the commutators have a factor of
1/N , so in the limit N →∞ the product becomes commutative.
We can write the expectation values
〈n|J3|n〉
〈n|n〉 = n−
N
2
≈ N〈x3〉
〈n|J1,2|n〉
〈n|n〉 = 0 ≈ N〈x1,2〉
〈n|(J1,2)2|n〉
〈n|n〉 =
N
4
+
n(N − n)
2
≈ N2〈(x1,2)2〉
(3.33)
These expectation values give us the picture of the states on fuzzy S2 as shown in Figure 2.
Note that generically the states in this basis are spread out with 〈∆x21,2〉 ∼ N2. However,
there are two states which are maximally localized 〈∆x21,2〉 ∼ N : those at the north and
south pole. Since they have energies E = 0 and E = N , and are localized near classical
points in phase space, they are interpreted as the states corresponding to the vacuum and
the maximal giant.
In the context of geometric quantization, the map from C∞(S2) to End(VN+1) is the
way to go from classical functions on phase space to operators. This allows us to calculate
expectation values of classical quantities on states in HC by using just SU(2) algebra and
representations.
3.2.2 Fuzzy CPn from n half-BPS giants
Let us now generalize the picture to the case of two half-BPS giants
P (z) = c2z
2 + c1z
1 − 1 = 0.
The phase space is CP2 and the Hilbert space H is {wn00,0,0, wn10,0,1wn20,0,2 |n0 + n1 + n2 = N}.
It is isomorphic to the symmetric [N, 0] representation of SU(3). The space of operators
End(H) approaches the algebra of functions on CP2 at large N . The action of U(3) ⊃ SU(3)
is given by (3.10) with the identification W0 = w0,0,0,W1 = w0,0,1,W2 = w0,0,2.
It is useful to consider the relations
E00 + E11 + E22 = N
EijE00 = Ei0E0j, 1 ≤ i, j ≤ 2
(3.34)
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Figure 2: States on fuzzy CP1N with N = 4. As wavefunctions on S2 they are localized in
the regions shown. If CP1 is viewed as a circle T 1 fibered over the line segment base, then
we get the picture on the right: states are localized on the base and spread out in the fiber.
Importantly, the diagram on the base is just the SU(2) weight diagram for V5.
the latter being valid in the large N limit.
For the construction of the fuzzy function algebra, the SU(3) generators are again mapped
to coordinates Eij ∼ Neij. The CP2 surface is embedded in this ambient 9-dimensional space.
The following equations
e00 + e11 + e22 = 1, eije00 = ei0e0j. (3.35)
allow us to formally express all the eij in terms of two complex e01, e02, as expected for 5
real constraints in 9 dimensional space. This leaves the 4 dimensional CP2.
The dimensionality can also be understood from the fact that the matrix algebra has
dimension ∼ N4 at large N . This is a discrete geometry with coordinates such as Eii
ranging over N . The vector space dimension of the function space is N4. A discrete classical
space with extent of order N and N4 elements has dimension 4. This gives a deduction of the
dimensionality without explicitly solving the constraints. We expect that such arguments
based on state counting, which is known from the BPS partition function, can be used to
develop an understanding of giant gravitons for more general AdS/CFT duals. The space
of quantum states in more general cases has been discussed from the point of view of dual
giants, which are large in AdS and classically point-like in the compact directions [43]. A
treatment of quantum states for the case of giants large in the compact directions is not yet
available (for some efforts in this direction see [44]).
The CP2 can be represented as a T 2 fibered over a toric base E11 + E22 ≤ N . The basis
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|n0, n1, n2〉 gives 〈E11〉, 〈E22〉 localized at points on the base base, and spread out over the
T 2 fiber see Figure 3.
æ
æ
æ
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æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
Two maximal giants
One maximal giant
1 2 3 4
E11
1
2
3
4
E22
Figure 3: States on fuzzy CP2N with N = 4. As wavefunctions on CP
2 they are localized on
the toric base shown and spread out over T 2 fiber. The diagram is also just the U(3) weight
diagram for [4, 0]. The three corners of the base correspond to the points where T 2 shrinks
to a point, and the states there are localized in all CP2 directions.
The special states in this basis |N, 0, 0〉, |0, N, 0〉, |0, 0, N〉 again have a nice physical
interpretation. They are localized near a point in phase space, which corresponds to vacuum,
single maximal giant z = 0, and two maximal giants z2 = 0 respectively. We will discuss
this more generally in Section 5.
Using energies and charges, the labels n0, n1, n2 can be mapped to the Young diagram
description of the sector of 2 half-BPS giants [6]. The Young diagram has n1 rows of length
1 and n2 rows of length 2. The label n0 is determined as N − n1 − n2, and may be thought
as the number of rows of length 0.
This generalizes to the case of n half-BPS giants. Polynomials are c0+
∑n
i=1 cizi = 0. The
moduli space can be mapped to CPn. The states in the Hilbert space map to points on the
space described by E11, ..., Enn, by taking expectation values of these Lie algebra elements.
These points provide a discretization of a simplex in Rn. The corresponding Young diagrams
have ni rows of length i.
As we reviewed in Section 2 it has been argued [29] that fuzzy CPnC−1 will also arise in
the eighth-BPS sector, when we consider polynomials of degree up to d and identify
nC =
(d+ 1)(d+ 2)(d+ 3)
6
(3.36)
In this case, we do not expect a straightforward identification of the coordinates of the
24
points on the discretized toric base with brane multiplicities. There is a U(3) action which
should be disentangled from the grading with degree of the polynomial for a more physical
interpretation. We will present results in this direction in the next section.
4 A geometrical group theoretic labelling for eighth-
BPS states
The Young diagram labelling for half-BPS states [6] has provided a powerful way to study
perturbations of the half-BPS operators and to relate these to open strings connecting branes
[10–16]. Loosely speaking, corners of Young diagrams provide slots for anchoring strings to
the operator. This has allowed the unraveling of integrable structure for strings connected
to giant gravitons, giving a beautiful generalization of integrability in the planar limit [19]
[18]. A group theoretic labelling for eighth-BPS operators may be expected to have similar
significance, for developing an explicit construction for BPS operators and their excitations.
In this section, we will derive such a labelling from the geometrical side of giant graviton
quantization. We will demonstrate that, in the eighth-BPS case, there are U(N) Young
diagram labels along with the U(3) global symmetry labels. These labels are supplemented
by an additional set of complete group theoretic labels, which include sequences of U(3)
Young diagrams and Littlewood-Richardson multiplicities for their tensor products. This
labelling is arrived at by considering the decomposition of the Hilbert space into a direct
sum associated with states coming from polynomials of different degrees in the Mikhailov
construction. We describe fibration structures of CPnC−1 which are associated with these
group theoretic labels in Section 4.2.
In Section 4.3 we discuss the implications of the group theoretic labels for the construction
of operators at weak coupling.
4.1 U(3) BPS multiplicities and Young diagrams of U(N)
Consider the Hilbert space constructed from giant gravitons associated to polynomials of
degree up to d. Let us denote this as HI; dN . The I indicates that we are dealing with
inhomogeneous polynomials. The complex coordinates x, y, z of C3 transform as the funda-
mental representation V3 of U(3). The holomorphic coordinates wi1,i2,i3 related to monomials
xi1yi2zi3 of degree k, i.e. i1 +i2 +i3 = k, transform in the irreducible representation Sym
k(V3)
of U(3) of dimension
m(k) =
(k + 1)(k + 2)
2
. (4.1)
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Polynomials of degree N in these variables, when k ranges from 0 to d, form the Hilbert
space HI; dN . Hence
HI; dN = SymN(⊕dk=0Symk(V3)) (4.2)
For concreteness, consider d = 2. There are three types of holomorphic variables (or
oscillators in the Fock space language) generating the states in the Hilbert space. We have
w0,0,0 of degree 0, w0,1,0, w1,0,0, w0,0,1 of degree 1, and w2,0,0, w0,2,0, w0,0,2, w1,1,0, w0,1,1, w1,0,1 of
degree 2. These span the vector space
C⊕ V3 ⊕ Sym2(V3) (4.3)
A basis in
HI;d=2N = SymN(C⊕ V3 ⊕ Sym2(V3)) (4.4)
can be chosen where a definite number of holomorphic variables (or oscillators) come from
each degree. There are three integers N0, N1, N2 specifying how many there are in degree
0, 1, 2. There is the constraint
N0 +N1 +N2 = N (4.5)
We have seen in the half-BPS context that three integers with this constraint describe the
points on the discretized toric base of fuzzy CP2. And this set of integers also specifies a
Young diagram with 3 columns, with Ni being the number of rows of length i.
We may write
HI;d=2N =
⊕
N0,N1,N2
N0+N1+N2=N
Hh;k=0N0 ⊗Hh;k=1N1 ⊗Hh;k=2N2
=
⊕
N1,N2
N1+N2≤N
Hh;k=1N1 ⊗Hh;k=2N2
(4.6)
The superscript h indicates homogeneous and
Hh;kN = SymN(Symk(V3)) (4.7)
The formula (4.6) displays the inhomogeneous Hilbert space as a direct sum of tensor prod-
ucts of homogeneous Hilbert spaces parametrized by Young diagrams of U(N) with at most
two columns. The Hilbert space associated with degree zero is one-dimensional. This allows
the rewriting in terms of just N1, N2.
Each summand in (4.6) has well-defined U(3) transformation properties
Hh;kN = SymN(Symk(V3)) =
⊕
Λ:c1(Λ)≤3
VΛk ⊗ V h;k;NΛk (4.8)
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The space V h;k;NΛ is the vector space of multiplicities for VΛk in Hh;kN . Its dimension gives the
number of times the irreducible VΛk of U(3) appears when the representation Sym
N(Symk(V3))
is decomposed into irreducible representations (irreps) We can obtain these multiplicities
from a restriction to fixed degree of the oscillator partition function.
|V h;k;NΛ | =
(x1 − x2)(x1 − x3)(x2 − x3) ∏
i1,i2,i3≥0
i1+i2+i3=k
1
(1− νxi11 xi22 xi33 )

νNx
λ1+2
1 x
λ2+1
2 x
λ3
3
(4.9)
It is also the number of times the trivial irrep of the wreath product SN [Sk] appears in the
irrep Λ of SNk. It is easy to see from (4.9) that Sym
Nk(SymkV3) only contains irreps of U(3)
with precisely Nk boxes. This is a useful fact in working out the possible additional labels
that go with a fixed Λ.
By making the U(3) decomposition explicit, we can write :
HI;d=2N =
⊕
N1,N2
N1+N2≤N
(⊕
Λ1
VΛ1 ⊗ V h;k=1;N1Λ1
)
⊗
(⊕
Λ2
VΛ2 ⊗ V h;k=2;N2Λ2
)
(4.10)
We can take the U(3) tensor products
HI;d=2N =
⊕
N1,N2
N1+N2≤N
⊕
Λ
VΛ ⊗
(⊕
Λ1,Λ2
V ΛΛ1,Λ2 ⊗ V h;k=1;N1Λ1 ⊗ V h;k=2;N2Λ2
)
(4.11)
The vector space V ΛΛ1,Λ2 has the dimension equal to the Littlewood-Richardson multiplicity
for getting VΛ in the U(3) tensor product VΛ1 ⊗ VΛ2 . The range of the direct sum is running
over N1, N2 which parametrize points on the toric base of the fuzzy CP2 or equivalently
Young diagrams of U(N) with up to two columns. Let us call these diagrams Y , which have
N1 = N1(Y ) rows of length 1, N2 = N2(Y ) rows of length 2 and a maximum of N rows.
HI;d=2N =
⊕
Y (N1,N2:N)
⊕
Λ
VΛ ⊗
(⊕
Λ1,Λ2
V ΛΛ1,Λ2 ⊗ V h;k=1;N1Λ1 ⊗ V h;k=2;N2Λ2
)
(4.12)
Another way to express the meaning of (4.12) is that the states in the eighth-BPS sector,
obtained from polynomials of degree no more than 2 in x, y, z, can be written as
|Λ,MΛ, Y,Λ1,Λ2, a, b1, b2〉 (4.13)
where MΛ labels the state in VΛ, bk run over the multiplicity of U(3) representation Λk in
SymNk(Y )(Symk(V3)), and a runs over the (Littlewood-Richardson) multiplicity of U(3) irrep
Λ in Λ1 ⊗ Λ2. Explicit algorithms for these are known [45].
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The steps above are easily written for general d, starting from the generalization of (4.6)
HI;dN =
⊕
N1,N2···Nd
N1+N2+···Nd≤N
Hh;k=1N1 ⊗Hh;k=2N2 ⊗ · · · ⊗ Hh;k=dN2 (4.14)
and leading to
HI;dN =
⊕
Y (N1,N2,··· ,Nd;N)
⊕
Λ∈Reps(U(3))
VΛ ⊗
( ⊕
Λ1···Λd
V ΛΛ1,··· ,Λd ⊗dk=1 V h;k;NkΛk
)
(4.15)
This means that there is a labelling to BPS states by
|Λ,MΛ, Y,Λ1, · · · ,Λd, a, b1, · · · , bd〉 (4.16)
where Λ,Λ1, · · · ,Λd are irreps of U(3), a is a Littlewood-Richardson multiplicity for Λ ap-
pearing in Λ1 ⊗ Λ2 · · · ⊗ Λd. The labels bk (for k = 1 · · · d) run over the multiplicities of Λk
appearing in SymNk(Symk(V3)). The numbers Nk obey N1 + · · · + Nd ≤ N and determine
the Young diagram Y of U(N).
As we explained in Section 3 the labels N1, N2, · · · , Nd also parametrize points on the
toric base of CPd, when we use the fuzzy CP constructions. As a result we may also write
HI;dN =
⊕
FuzzyN (CP d:N1,N2···Nd)
⊕
Λ∈Reps(U(3))
VΛ ⊗
( ⊕
Λ1···Λd
V ΛΛ1,··· ,Λd ⊗dk=1 V h;k;NkΛk
)
(4.17)
Note that the homogeneous Hilbert spaces in (4.14) come from homogeneous polynomials
which correspond to static giant gravitons. The decomposition at hand can therefore also
be viewed as giving the full Hilbert space in terms of tensor products of states coming from
fixed points of the classical Hamiltonian action. This is a key result of this paper and we
discuss its geometrical and physical aspects in the remainder of this section.
4.2 Geometry of the Hilbert space decomposition
We started by describing how oscillator Hilbert spaces arise from projective spaces which
are moduli spaces of giant gravitons, constructed using polynomials in three variables with
degree up to d. The Hilbert space is the sector of the Fock space generated by oscillators
associated with monomials xm1ym2zm3 , having no more than N excitations with all mi non-
zero. We then did a decomposition of the Hilbert space, organizing them according to the
degree m1 +m2 +m3 of the monomials they come from. It will be interesting to understand
the outcome (4.15), (4.17) in terms of the geometry of the moduli spaces. We make some
remarks in this direction.
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• A projective space CPn, with homogeneous coordinates W0,W1,W2, · · · ,Wn subject
to WI ' λWI for non-zero complex λ, is the base of the Hopf fibration with S1 = U(1)
fiber and total space S2n+1. The sphere is defined by
∑
IWIW¯I = 1. The projection
identifies orbits of the U(1) action WI ∼ eiθWI .
S2n+1 ← U(1)
↓
CPn (4.18)
When the CPnC(d)−1 is constructed from polynomials of degree up to d, it is natural
to label the homogeneous coordinates Wk,i with k running from 0 to d and i running
from 1 to m(k) (4.1).
We can map CPnC(d)−1 to Rd, by using
(
∑
i
|W1,i|2,
∑
i
|W2,i|2, · · · ,
∑
i
|Wd,i|2) (4.19)
The fiber at each point is a product of spheres. In the d = 2 case, we have three
monomials at k = 1, so W1,1 = w1,0,0,W1,2 = w0,1,0,W1,3 = w0,0,1. There are six
monomials at k = 2, so W2,1 = w2,0,0,W2,2 = w0,2,0,W2,3 = w0,0,2,W2,4 = w1,1,0,W2,5 =
w1,0,1,W2,6 = w0,1,1. The CP2 at degree 1 lives in S5 ⊂ C3. The CP5 at degree 2 lives
in S11 ⊂ C6. This means we have the fibration structure
CP9 ← S5 × S11 ← S1 × S1
↓ ↓
R2 CP2 × CP5 (4.20)
This is illustrated in Figure 4. The sphere S5 degenerates on the y-axis, the sphere S11
degenerates on the x-axis. The N1, N2 can be viewed as discretizing the R2 base. In
the Hilbert space, they parametrize the factorization H(h:k=1)N1 ⊗H
(h:k=2)
N2
, where H(h:k=1)
comes from quantization of CP2 associated with degree 1 monomials, and H(h:k=2) from
CP5. When the size of the CP2 vanishes, then there is no non-trivial multiplicity of
states from it. For fixed N1 + N2, as we move towards larger N1, we get more states
from CP2, while the fibration above has a large CP2. The variation of the sizes of the
CP2,CP5 are reflected in the number of states they contribute, indicating this is the
right geometrical way to think about the decomposition of Hilbert spaces.
• As explained earlier, we can think about states inHI;dN is in terms of points on a simplex
in RnC−1. The decomposition into states according to the degree of the monomials giv-
ing rise to the oscillators associates Young diagrams to partitions of N across degrees.
The summation over Y is a sum over points in a simplex in Rd.
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â c1,i 2
â c2,i 2
×
S5 S11
S5
S11
Figure 4: CP9 as S5 × S11 fibered over a simplex in R2. The sphere S5 degenerates on the
y-axis, the sphere S11 degenerates on the x-axis.
The summands run over a product of discretized simplices ×dk=1∆m(k)Nk(Y ), where ∆
m(k)
Nk
denotes the simplex with m(k) corners discretized so as to contain the coordinates of
the Fock states in SymNk(Symk(V3)).
We may write
∆
nC(d)
N = qY
d∏
k=1
∆
m(k)
Nk(Y )
(4.21)
In geometry this is a fibration of a simplex with nC(d) corners in terms of a base
simplex with d corners, with the fiber being a product of simplices.
∆nC(d) ←
d∏
k=1
∆m(k)
↓
∆d (4.22)
As a special case, consider the case d = 1. The k = 0 sector gives just one state for
each N . The k = 1 states give the discretization of a 3-simplex. The geometrical
counterpart here is a deconstruction of the tetrahedron as a fibration of a triangle
(3-simplex) over a 1-simplex.
• It is known that the Hilbert spaces for homogeneous polynomials are related to line
bundles over CP2.
SymN(Symk(V3)) = Sym
N
(
H0(CP2,OCP2(k))
)
(4.23)
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This CP2 should be interpreted as the base space of the S5 in the AdS5×S5 spacetime.
The giant graviton world-volumes coming from homogeneous polynomials intersect this
spacetime CP2 on a genus (k+ 1)(k+ 2)/2 curve [29]. Given the role of the symmetric
product (4.23) in the decomposition (4.15) it may be instructive to interpret these line
bundles over the CP2 embedded in spacetime, in terms of quantization of branes.
4.3 Discussion: labelling and construction of operators
The above manipulations in the oscillator Hilbert space have some remarkable consequences,
once we use the AdS/CFT conjecture. They show that there is a labelling by Young diagrams
Y ×Λ of U(N)×U(3) for eighth-BPS operators in SYM. For the case of half-BPS operators
there is a Young diagram R which arises from the diagonalization of the inner product
on the half-BPS operators [6]. The above geometric group theoretic labels we have been
constructing are also expected to be describing orthogonal states, as they use decomposition
into degrees, and we expect states coming from different degree polynomials to be orthogonal.
The case of quarter and eighth BPS operators in the gauge theory is more tricky. One
can diagonalize the inner product at zero coupling in a U(3) covariant basis, obtaining
U(N) Young diagram labels R (in addition to a Clebsch-Gordan inner product multiplicity
τ of symmetric groups) [21, 46]. The left action of U(N) on free adjoint fields X, Y, Z is a
symmetry of the action at zero coupling and its Casimirs are labelled by the Young diagrams
R [47]. The same label R appears in the restricted Schur basis for operators, where, in
addition, instead of U(3) labels we have labels corresponding to a product of symmetric
groups. However, R does not give a quantum number at weak coupling. The one-loop
dilatation operators mixes R. In the U(3) covariant basis, constraints on mixing of R were
obtained in [48]. In the context of restricted Schur basis, there has been extensive work on
the mixing due to the action of one-loop dilatation operator in the context of integrability
of strings attached to giant gravitons [13–19,19,49].
What we are finding here is that there will nevertheless be some other Young diagram
labels Y which will appear once we solve for the kernel of the H2 in the U(3) sector. The
relation of Y to the free field labels R, τ is a very important problem for the future. At small
n, where we are considering operators made from a just a few matrices, this relation can be
worked out. Take for simplicity Λ = [2, 2]. The possible Y ’s in this case can be worked out
to be Young diagrams with rows [2, 2] or [2, 1, 1], which each occur with multiplicity 1. For
Y = [2, 2], the additional labels are fixed by Λ2 = [2], k = 2 being the only non-trivial ones.
In Y = [2, 1, 1], the additional labels are fixed to have Λ1 = [2], k = 1 and Λ2 = [1], k = 2 as
the only non-trivial ones. The state labelled by Y = [2, 1, 1] exists at N > 3 and disappears
at N = 2. The state labelled by Y = [2, 2] exists at N ≥ 2. Orthogonal BPS states
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with these properties in the sector Λ = [2, 2] were constructed in [24] (see equation (C.18)
in Appendix C). Judging by exclusion properties, OBPS(2) corresponds to Y = [2, 1, 1], as it
disappears at N = 2, and OBPS(1) corresponds to Y = [2, 2]. So in this case we have the explicit
construction of operators with the group theoretic labels in (4.15).
For studies of the perturbations away from half-BPS states, the R label has been tremen-
dously powerful [13] [18,19]. A lot of detailed combinatorics has been found compatible with
the Gauss Law expected from D-brane world-volume physics. The problem of exhibiting the
implications of the Gauss Law for the perturbations of general eighth-BPS operators (which
are not small deformations of half-BPS ones) is a fascinating one.
One is tempted to conjecture that the labels Y will play an identical role to that played
by R for half-BPS. A word of caution is in order. For the half-BPS case, the label Y indeed
becomes R. It comes from a decomposition of the space of polynomials into those of fixed
degree. In this case, we are dealing with polynomials in one variable and a polynomial of
degree d can always be factorized into factors of degree 1. Hence degree d is equivalent to
multiplicity d of branes. A polynomial of the form (z−a1)(z−a2) · · · leads to a brane world-
volume consisting of multiple branes localized at multiple points a1, a2, · · · (when ai ≤ 1).
For the multi-variable case, a polynomial of degree d in x, y, z is not always factorizable (i.e.
reducible). Our decomposition of the Hilbert space has been done according to degree not
according to reducibility, and the Young diagram Y naturally encodes finite N constraints,
in that
∑
i=0Ni(Y ) = N , It is not clear if such a simple U(3) covariant decomposition of
the Hilbert space into degrees of reducibility is even possible. Naively, it would appear that
the multiplicity of branes ought to be related to factorizability rather than degree of the
polynomial. If this correct, then Y will not play a directly analogous role in terms of Gauss
Law. Yet the simplicity of the decomposition in terms of Y and the way it encodes the
finite N cutoffs, suggests that there will be very interesting physics to be found in describing
the eighth-BPS operators according to this basis. If Y is found to play the same role as
R in connection with Gauss Law, then it would mean that, at the level of quantum states,
brane multiplicity is correctly captured by something closer to the ordinary degree of the
polynomial in x, y, z rather than by the more complicated notion of reducibility which may
not have a simple expression in the Hilbert space.
From the results of [47] we would expect that hidden Casimirs of a U(N) will also be
relevant as an explanation of the Y labels. Another approach to understanding Y from the
gauge theory side is to construct the non-zero eigenstates of the group theoretic operator
PIGPI of [24]. AdS/CFT predicts that we will find diagonal states labelled simultaneously
by Λ of U(3) and Y of U(N) (along with the extra group-theoretic labels in (4.15)).
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5 World-volume excitations of maximal giants
5.1 Maximal giant states
In this section we will use the picture established in Section 3 to analyze the physics of some
concrete brane geometries. We will be able to identify configurations of maximal giants
with specific states in the Hilbert space, and to classify the spectrum of excitations of these
configurations.
First, let us make some general remarks about the correspondence between quantum
states and points p in the phase spaceMC , where each point is associated to supersymmetric
brane geometry. A quantum state |Ψp〉 ∈ HC which “corresponds” to p is a state whose
wavefunction is maximally localized around p. Such states are called coherent states and
can be built, for example, by translating a localized ground state in the phase space [37]. In
our case we have SU(nC) acting transitively on MC , so we can write
|Ψp〉 = eiθIJ EˆIJ |Ψ0〉, if p = eiθIJEIJp0, eiθIJEIJ ∈ SU(nC) (5.1)
The states |Ψp〉 span the Hilbert space but are generically over-complete, since the Hilbert
space HC is finite dimensional.
On the other hand, if we take the basis such as (3.4), formed by eigenstates of the
maximal set of commuting operators EII in SU(nC), it is complete and orthogonal. Such
states generically do not correspond to points on phase space. As we saw in Section 3
they are localized in the base simplex and spread out along the the torus fibers of a toric
fibration structure of the phase space. However, there are special corner points (vertices of
the simplex) in the base where the torus fiber degenerates. The energy eigenstates localized
near these corners are in fact maximally localized and thus are also coherent states. Recall
the wavefunction for such state is
Ψmaxm1,m2,m3 = (wm1,m2,m3)
N (5.2)
and it is localized near the point wn1,n2,n3 = δm1n1δm2n2δm3n3 in w coordinates. Let us denote
these points as pmaxm1,m2,m3 . From the point of view of CP
nC−1, all these states look the same
as the vacuum state (w0,0,0)
N , but in different inhomogeneous coordinate patches.
It turns out the corner points enjoy special U(3) transformation properties, that make
them particularly accessible to analysis. If we take a generic point in the phase space, its time
evolution is generated by U(1) ⊂ U(1)3 ⊂ U(3) which acts as wn1,n2,n3 → ei(n1+n2+n3)αwn1,n2,n3 .
This forms an orbit in the toric fiber. There are special regions in the phase space where
this U(1) degenerates to a point. They correspond to static solutions which map to the
homogeneous Mikhailov’s polynomials. Among these, there are points invariant under the
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whole U(1)3 ⊂ U(3) action wn1,n2,n3 → ein1α1ein2α2ein3α3wn1,n2,n3 . If the points are labelled
by homogeneous coordinates {wn1,n2,n3}, each coordinate transforms under a different phase
under U(1)3. Then the only points that can be U(1)3 invariant are those where only single
a coordinate wm1,m2,m3 is non-zero, and the transformation acts with an overall phase. But
these are precisely the discrete set of corner points pmaxm1,m2,m3 . Thus we see that the corner
points can be uniquely identified by their U(3) transformation properties.
We now turn to the question of how to identify explicit brane geometries corresponding
to the states Ψmaxm1,m2,m3 at the corner points p
max
m1,m2,m3
. In order to map a generic state on
the moduli space MC parametrized by wn1,n2,n3 to an explicit brane geometry defined by
a polynomial P (z) we need to know the map between coordinates wn1,n2,n3 and polynomial
coefficients cn1,n2,n3 . This is map is highly non-trivial and we do not know the precise mapping
functions. However, the special U(3) transformation properties of the corner points allows
us to bypass this difficulty.
We know pmaxm1,m2,m3 is a fixed point of the U(1)
3 action. Since U(3) transforms cn1,n2,n3 and
wn1,n2,n3 coordinates in the same way, we can analogously argue that the corresponding point
must have a single non-zero cn1,n2,n3 coefficient, in order to be invariant under cn1,n2,n3 →
ein1α1ein2α2ein3α3cn1,n2,n3 . That is, the point in moduli space corresponds to a monomial
P (z) = xm1ym2zm3 = 0 . (5.3)
The condition of being a fixed point does not uniquely pick the degrees (m1,m2,m3) to
match those in pmaxm1,m2,m3 . We can complete this identification by checking the charges. The
brane geometry specified by (5.3) consists of m1,m2,m3 number of maximal giants wrapped
on x = 0, y = 0, z = 0 surfaces respectively. It will have charges
Li = Nmi, E = N(m1 +m2 +m3) (5.4)
which does exactly match the charges of quantum state (5.2). So we conclude the correspon-
dence
P (z) = xm1ym2zm3 = 0 ↔ Ψmaxm1,m2,m3 = (wm1,m2,m3)N (5.5)
Note that this is a very plausible correspondence: wn1,n2,n3 in some sense “corresponds” to
cn1,n2,n3 , and this is the state at the maximal value of the diagonal EII generator correspond-
ing to wm1,m2,m3 .
5.2 Spectrum of excitations
Having constructed the states corresponding to maximal giants, we now proceed to study
physical properties of these configurations by looking at the spectrum of excitations.
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On general grounds, we expect two kinds of low energy excitations in the background
of D-branes: open and closed strings. The closed strings are bulk gravitons while the open
strings correspond to world-volume excitations such as shape deformations of the branes.
The eighth-BPS supersymmetric part of the excitation spectrum must already be included
in our Hilbert space HC , and so we want to identify these states. From the point of view
of classical phase space, the neighborhood of the point pmaxm1,m2,m3 can be interpreted as small
perturbations of the original configuration, as long as the difference in energy is O(1). There-
fore, the quantum states that live in this nearby region should be precisely the quantized
supersymmetric excitations. We will return to this picture from the point of view of a local
analysis of the symplectic form in Section 7.1.
It is easy to identify states in the full Hilbert space are “near” the configuration of
maximal giants: they will be the ones that differ from the background (wm1,m2,m3)
N in O(1)
number of quanta. Applying the same notion to the trivial background wN0,0,0 gives the usual
Kaluza-Klein spectrum of small graviton multiplets. We expect that the location of states
nearby in this sense, computed with expectation values of 〈XII〉 as in Section 3 will be nearby
in terms of the Ka¨hler metric on the moduli space. Expressing this more quantitatively would
be interesting but is beyond the scope of this paper. For example:
wi1,i2,i3(wm1,m2,m3)
N−1, wi1,i2,i3wj1,j2,j3(wm1,m2,m3)
N−2, . . . (5.6)
are nearby states in this sense. These nearby states form a nice Fock space structure5
generated by operators:
A†k1,k2,k3 ≡ wm1+k1,m2+k2,m3+k3∂m1,m2,m3 , ki ≥ −mi, ki 6= (0, 0, 0) (5.7)
Around a fixed background the commutators between different modes vanish: [A†k1,k2,k3 , A
†
l1,l2,l3
] =
0. Individual A†k1,k2,k3 should then correspond to the spectrum of allowed single-particle
(string) excitations, as long as ki ∼ O(1). Note that the U(1)3 charges of A†k1,k2,k3 are just
(k1, k2, k3), and some have negative contribution to energy. This is natural since we are not
in the vacuum and there are directions in phase space which decrease the energy.
We make the following proposal for interpretation of the excitations:
• A†k1,k2,k3 with all ki ≥ 0 are the closed string excitations in the bulk. This is supported
by the fact that the spectrum is the same as the graviton spectrum in the vacuum,
5 Strictly speaking, the commutators between the raising and lowering operators of different modes do not
commute [A†k1,k2,k3 , A−l1,−l2,−l3 ] 6= δk1,l1δk2,l2δk3,l3 , so it is not literally a Fock space algebra of independent
oscillators. Nevertheless, for our purposes this does not have any effect, and we will take the liberty of
referring to A†k1,k2,k3 as Fock space generators.
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which is what we expect. That is, there is a single mode for each choice of non-
negative (k1, k2, k3) except (0, 0, 0), which reproduces the large N partition function
Z(x1, x2, x3) =
∏
n1,n2,n3
1
1−xn11 x
n2
2 x
n3
3
.
• A†k1,k2,k3 with at least one ki < 0 are the open string excitations on the world-volume.
This is a novel spectrum, not visible in the perturbations around the vacuum, but
which can be extracted from full partition function of eighth-BPS sector by looking
at states near a giant graviton background. The spectrum is dependent on mi, and
carries information about the geometry of the branes.
We will dedicate most of the remaining sections to give further support for our proposed
open string spectrum, and to work out some physical implications. In this section we go
through a list of examples of backgrounds and take a closer look at the spectra.
Single giant z = 0
As discussed in Section 2.1, the equation z = 0 describes a giant extended along the
intersections of the x, y-planes with the S5 in space-time. By the arguments of Section 3
and 5.1, the background is
Ψmax0,0,1 = (w0,0,1)
N . (5.8)
The bulk gravitons are generated by A†k1,k2,k3 = wk1,k2,k3+1∂0,0,1 with non-negative ki. The
world-volume excitations are generated by
A†k1,k2,−1 = wk1,k2,0 ∂0,0,1, k1, k2 ≥ 0 (5.9)
which is only a two parameter family. We interpret them as BPS wave modes on S3 brane.
Note that these excitations only carry momenta in L1, L2 but not in L3 direction. In fact this
makes sense. The world-volume is the intersection of z = 0 with the sphere, so it stretches
in the x, y plane. Waves on the world-volume will have L1, L2 angular momenta but not L3.
We learn from the counting that there is in fact one BPS wave solution on the world-volume
for each pair of charges (k1, k2).
There is a special excitation A†0,0,−1 which decreases the energy and does not add mo-
menta. It can be interpreted as the shrinking mode of the giant. Also A†1,0,−1 and A
†
0,1,−1
which do not change energy are just U(3) generators for rotations in (x, z) and (y, z) direc-
tions.
Two giants xy = 0
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This describes a composite of giants along x = 0 and y = 0. As argued in Sections 3 and
5.1 the corresponding background quantum state is
Ψmax1,1,0 = (w1,1,0)
N (5.10)
This is a configuration of two intersecting branes, as the equation xy = 0 has two branches
x = 0 : |y|2 + |z|2 = 1
y = 0 : |z|2 + |x|2 = 1
(5.11)
There is also an interesting region where the branes intersect along S1 at |z|2 = 1. We can
distinguish the bulk modes
A†k1,k2,k3 = wk1+1,k2+1,k3 ∂1,1,0 (5.12)
and three types of world-volume excitations:
A†−1,k2,k3 = w0,k2+1,k3 ∂1,1,0
A†k1,−1,k3 = wk1+1,0,k3 ∂1,1,0
A†−1,−1,k3 = w0,0,k3 ∂1,1,0
(5.13)
with ki ≥ 0. The first two types have analogous spectrum as (5.9) and can be interpreted as
waves on x = 0 and y = 0 giants respectively. There is an additional one-parameter tower
A†−1,−1,k3 which can be interpreted as modes living on the one-dimensional intersection of the
x = 0 and y = 0 branes, or as strings stretching between the two branes. This intersection
extends in the arg(z) direction and indeed this tower has z-charge.
Note that A†−1,−1,k3 is related to the classical deformation xy = z
k3 . The deformation is
indeed most significant near the intersection x = y = 0, where x, y ∼ √, consistent with
the interpretation that that’s where these open strings live. Since in that region |z| ≈ 1, we
can approximate z = eiψ and so the intersection gets deformed as:
x =
 eik3ψ
y
(5.14)
that is, with a twist around S1.
Again we should point out that two modes A†−1,−1,0 and A
†
−1,−1,1 in the one-parameter
family have negative energy. They are related to the deformations xy =  or xy = z.
Three giants xyz = 0
This is a composite involving three giants x = 0, y = 0, z = 0. Following previous
arguments, the background state
Ψmax1,1,1 = (w1,1,1)
N (5.15)
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The excitations can be summarized in the following table:
Operator Interpretation
A†k1,k2,k3 Bulk gravitons
A†−1,k2,k3 Waves on x = 0 giant
A†k1,−1,k3 Waves on y = 0 giant
A†k1,k2,−1 Waves on z = 0 giant
A†k1,−1,−1 Waves on y = z = 0 intersection
A†−1,k2,−1 Waves on x = z = 0 intersection
A†−1,−1,k3 Waves on x = y = 0 intersection
A†−1,−1,−1 Composite deformation
(5.16)
Again in this classification ki ≥ 0. The first three families of world-volume excitations,
each with two-parameter infinite sequences of modes, can be associated with each of the S3
world-volume branches. The next three one-parameter families naturally correspond to each
of the three S1 intersections.
There is a single extra mode A†−1,−1,−1 that does not fall into the categories discussed so
far. It corresponds to the deformation xyz = . Since x = y = z = 0 is not part of the brane
world-volume, the largest effect of the deformation is again near the brane intersections. If
we look at each pairwise intersection:
near x = y = 0, z = eiψ3 : xy = e−iψ3 ,
near y = z = 0, x = eiψ1 : yz = e−iψ1 ,
near z = x = 0, y = eiψ2 : zx = e−iψ2 .
(5.17)
So all three intersections are simultaneously deformed with an “anti-holomorphic” twist,
something that would locally come from xy = z¯, yz = x¯, zx = y¯. We are led to the
conclusion that even though modes like xy = z¯ are individually not BPS, the particular
composite described by xyz =  is BPS. In other words, we interpret A†−1,−1,−1 as a BPS
state involving three open strings living on each S1 intersection, which are individually not
BPS.
Stack of branes zm = 0
This can be interpreted as a limit of multiple branes located at
∏m
i=1(z − ai) where the
ai tend to zero. Background is
Ψmax0,0,m = (w0,0,m)
N (5.18)
The bulk excitations are again A†k1,k2,k3 = wk1,k2,m+k3 and we have world-volume excitations
A†k1,k2,−p = wk1,k2,m−p ∂0,0,m (5.19)
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where p = 1 · · ·m. It contains excitation spectrum of a single brane A†k1,k2,−1, but there are
in total m towers parametrized by p, with varying L3 charge. This is related to the fact
that there are m branes which we can excite, but the identification is not as straightforward,
because the branes are coincident ant indistinguishable. We will provide a more detailed
interpretation in Section 8.1.
The fact that we do not have an infinite tower of states in the z-direction again makes
sense, because we do not have world-volume extension in that direction. The fact that we do
get an increasing number of excitations as m increases suggests that the non-abelian nature
of the branes effectively blows up an internal circle in the world-volume of the brane in the
z-plane, a circle which in ordinary geometry looks to be of vanishing size.
The excitation spectrum above can be viewed as a prediction, based on the eighth-BPS
spectrum known from the chiral ring of the N = 4 U(N) SYM. It should match calculations
starting from the point of view of the non-abelian U(m) gauge theory on coincident branes.
The arguments for the spectrum of giant graviton physics developed so far have been based
largely on the symplectic form derived from the abelian DBI. Unraveling excitations of
specific geometries allows the possibility of using gauge-string duality to predict non-abelian
physics of coincident branes. The use of dualities to predict non-abelian brane physics has
been illuminating in the past [50,51]
Three stacks (xyz)m = 0
Finally, let us take a look at the configuration with m coincident branes wrapping each
S3. This will in fact display all features of a generic xm1ym2zm3 = 0. The background state
is
Ψmaxm,m,m = (wm,m,m)
N (5.20)
and we can classify excitations similarly like before:
Operator Interpretation
A†k1,k2,k3 Bulk gravitons
A†−p,k2,k3 Waves on x = 0 stack
A†k1,−p,k3 Waves on y = 0 stack
A†k1,k2,−p Waves on z = 0 stack
A†k1,−p,−q Waves on y = z = 0 intersection
A†−p,k2,−q Waves on x = z = 0 intersection
A†−p,−q,k3 Waves on x = y = 0 intersection
A†−p,−q,−r Composite deformations
(5.21)
There are now extra parameters 0 < p, q, r ≤ m.
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The structure is similar as for xyz = 0. First we get modes A†−p,k2,k3 , etc., living on each
stack of branes.
Next, A†k1,−p,−q are states living on the S
1 intersection. Now they are labeled by extra
parameters (p, q) which can take m2 values. This relates to the fact that between two stacks
of m branes we have m2 intersections. Just like for modes A†−p,k2,k3 , here the interpretation
is obscured by the fact that the m2 intersections are in fact identical, and (p, q) does not
really label the intersection. But we will see in Section 8.2 when we analyze non-coincident
branes, that this multiplicity is indeed related to the number of intersections.
Finally, we have m3 modes A†−p,−q,−r, which are extensions of the composite BPS mode
A†−1,−1,−1 to the case of multiple branes.
6 Excitations from partition function
In this section we will show how the results of Section 5, which were interpreted in terms of
the physics of branes, are reflected in the partition function. Since the partition function of
BPS states is known from the dual U(N) SYM field theory side, we can view the calculations
in this section as recovering, from the dual field theory, without a priori information from
branes, the factorization into bulk and world-volume states which is expected from AdS/CFT
duality. Specifically we will extract the spectrum of BPS excitations around a single half-BPS
sphere giant. The factorization of the spectrum into bulk graviton states and world-volume
excitations (5.9) will be obtained here by considering a limit of the partition function which
isolates the states discussed as being “near” the single giant z = 0 in Section 5.
Recall the partition function of the bosonic eighth-BPS sector in SU(N) N = 4 SYM
graded by R-charges L1, L2, L3 is:
ZN(xi) = TrH
(
xL11 x
L2
2 x
L3
3
)
=
∑
n1,n2,n3
xn11 x
n2
2 x
n3
3 ZN ;n1n2n3 (6.1)
Z(ν;xi) =
∞∑
N=0
νNZN(xi) =
∞∏
n1,n2,n3=0
1
1− νxn11 xn22 xn33
. (6.2)
That is, ZN(xi) is the partition function counting operators at a fixed N , while Z(ν;xi)
is the “grand canonical” partition function with chemical potential ν for N . Then ZN(xi)
can be calculated as the coefficient of νN in the RHS of (6.2). This result can be derived
by counting symmetric polynomials of the 3N values of the three diagonal complex scalar
matrices Xi, after enforcing F-term constraints [Xi, Xj] = 0.
We already saw that ZN(xi) is also reproduced by the Hilbert space (2.12), which is
generated by oscillators wn1,n2,n3 with the restriction that the total number of excitations is
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N . This structure of the partition function is clearly seen from the RHS of (6.2). Thus from
the perspective of SYM, the Hilbert space (2.12) can be seen as just a formal construction
of states accounting for the partition function. One common interpretation of this space is
as the Hilbert space of N bosons in a 3D harmonic oscillator. Then wn1,n2,n3 puts a single
boson in the state (n1, n2, n3).
In order to use ZN(xi) to extract the BPS spectrum around a half-BPS sphere giant6 we
must first find a way to isolate the state corresponding to the giant itself. The charges are
obviously not enough, because once we fix L1 = L2 = 0, L3 = E we get all of the half-BPS
states, and only one of them is a sphere giant (assuming E ≤ N). Recall the half-BPS states
can be labelled by Young diagrams with E boxes and height ≤ N . The giant states that we
want to focus on are those labelled by the single-column Young diagrams.
In order to find the single-column state we introduce an extra quantum number size S
by which we label the eighth-BPS states. We can do this by using the N -dependence of the
Hilbert spaces HN . It is natural to consider the sequence of subspaces
H1 ⊂ H2 ⊂ . . . ⊂ HN−1 ⊂ HN (6.3)
For example, an operator like tr(X2) is considered “the same state” for any N . Then if we
pick an operator O we can ask at what N it gets excluded. We label the operator to have
size S(O) if it gets excluded below S:
O ∈ HN , iff N ≥ S (6.4)
In the half-BPS sector the state R in the Schur basis gets excluded when N is below the
height of the Young diagram c1(R), so S = c1(R). In the eighth-BPS sector if we represent
states as (2.12), then S is just the number of excitations different from w0,0,0. Or, in terms of
N bosons, it is the number of bosons in excited states. It is reasonable that S has a physical
interpretation in both gauge and the gravity side. It measures how close the state is to the
“exclusion bound”. For example a sphere giant has S = E, and maximal giants are those
with S = N . A dual giant, on the other hand, has S = 1.
The partition function for number of states refined by (S, L1, L2, L3) is easy to get. If
ZS;n1n2n3 is the number of such states then:
ZS;n1,n2,n3 = ZS;n1,n2,n3 −ZS−1;n1,n2,n3 (6.5)
and
Z(ν;xi) ≡
∑
S;n1,n2,n3
νSxn11 x
n2
2 x
n3
3 ZS;n1,n2,n3 = (1− ν)Z(ν;xi)
=
∏
n1+n2+n3>0
1
1− νxn11 xn22 xn33
(6.6)
6 Here we consider the giant to be of any size E ≤ N , not necessarily maximal
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The only difference from (6.2) is that we do not have a term 1/(1 − ν), so we only count
bosons in excited states.
Now we can uniquely identify the single sphere giant with energy E by specifying (S, L1, L2, L3) =
(E, 0, 0, E). In terms of oscillators this is (w0,0,1)
S as in (5.8), but not necessarily maximal.
The excitations around this state should have charges differing by O(1) from the background.
Let us fix the size, and look at states with charges (S, L1, L2, L3) = (S, n1, n2, S + n3) for
small ni. The number of such states is:
Z˜S;n1,n2,n3 ≡ ZS;n1,n2,n3+S (6.7)
We can write the corresponding partition function
Z˜(ν;xi) =
∑
S;n1,n2,n3
νSxn11 x
n2
2 x
n3
3 ZS;n1,n2,n3+S = Z
(
ν
x3
;xi
)
(6.8)
where the RHS is known explicitly (6.6). Furthermore, we expect the counting Z˜S;n1,n2,n3 to
be independent of S if ni  S. That is, the spectrum of excitations should not depend on
the size of the giant. We can confirm this by taking S → ∞ limit, which in terms of the
partition function reads as
Z˜(xi) = lim
ν→1
(1− ν)Z˜(ν;xi) =
∏
n1+n2+n3>0
(n1,n2,n3) 6=(0,0,1)
1
1− xn11 xn22 xn3−13
(6.9)
This produces finite counting for O(1) charges. The partition function can be conveniently
factored into pieces where n3 = 0 and n3 > 0:
Z˜(xi) =
( ∏
n1+n2>0
1
1− xn11 xn22 x−13
)( ∏
n1+n2+n3>0
1
1− xn11 xn22 xn33
)
(6.10)
where in the second term we renamed n3 − 1→ n3.
The spectrum (6.10) that we found is almost exactly (5.7). The first factor is generated
by A†n1,n2,−1 and interpreted as world-volume excitations. The second factor corresponds
to A†n1,n2,n3 with non-negative ni and generates the background graviton spectrum. We are
missing here the negative energy mode A†0,0,−1, but that’s just because we fixed the size S to
be constant in the derivation, while (0, 0,−1) is precisely the mode that decreases size by 1.
We have now demonstrated how to take a limit of the partition function to achieve a
factorization into closed and open strings. The same factorization was obtained in Section 5
by explicitly looking at the Fock space structure of the states. The quantum number S
related to the exclusion of states with varying N , was the additional data beside R-charges
we needed to accomplish this. For more general brane configurations discussed in Section 5
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we would need additional quantum numbers such as the higher conserved charges which
determine a Young diagram in the half-BPS case [6, 47]. These higher charges which exist
in the oscillator Hilbert space have not yet been exhibited from the gauge theory point of
view at weak coupling. The story at zero coupling in the eighth-BPS sector is developed
in [47]. The strategy of extracting the expected open-closed factorization of states from the
partition function should be specially instructive for unraveling the giant graviton physics in
more general examples of AdS/CFT where the S5 is replaced by a Sasaki-Einstein geometry.
In these cases, the partition function is known from the dual quiver gauge theory but the
matching of these states with giant gravitons extended in the Sasaki-Einstein space is a
largely unexplored subject.
7 Excitations from local quantization
In this section we will see how to derive the spectrum (5.9) of the world-volume excitations
on a sphere giant directly from the brane action. This provides a non-trivial check of the
analysis in Section 5 without relying on the fact that the phase space is isomorphic to CPnC−1
with Fubini-Study symplectic form.
We will mostly focus on the case of maximal giant P (z) = z = 0 as in (5.9), but the
analysis here works for non-maximal sphere giants P (z) = z − c0 = 0 too, see Appendix A.
This in fact provides evidence that generic analysis in Section 5 should also work for non-
maximal giants.
7.1 Structure of perturbations
We start in this section by revisiting the space of perturbations of a spherical giant.
The polynomial defining the unperturbed maximal giant is
P0(z) = z = 0. (7.1)
This is a point in the space of polynomials P and also in the phase space M. In order to
study perturbations, we need to identify the neighborhood of P0 in M. Naively, one might
guess that it is the image of the neighborhood in P , so a nearby point inM corresponds to
Pδc(z) = z +
∞∑
n1,n2,n3=0
δcn1,n2,n3x
n1yn2zn3 . (7.2)
First, we note that any perturbation involving a non-zero power of z in fact does not deform
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the giant at all. This can be seen from the following factorization:
Pδc(z) =
(
z +
∑
n1,n2
δcn1,n2,0 x
n1yn2
)(
1 +
∑
n3>0,n1,n2
δcn1,n2,n3 x
n1yn2zn3−1
)
(7.3)
where we drop O(δc2) terms. The second factor does not intersect S5, so under the map
P →M, Pδc has to be identified with just the first factor:
Pδb(z) = z +
∑
n1,n2
δbn1,n2 x
n1yn2 (7.4)
This is the subspace of P0 neighborhood in P that corresponds to neighborhood in the actual
phase space M .
There is another problem with the guess (7.2) in that it does not, in fact, explore the
whole neighborhood of P0 in M. Intuitively the reason is that we should be able to add an
infinitesimally small disconnected surface by e.g. P (z) = z(c z − 1) with |c|2 = 1 + , but
this polynomial is not a small deformation of P0 in P . We can handle this case by recalling
that there are many polynomials identified with the same point P0 in M, namely, any
P˜0(z) = z Q(z) (7.5)
where Q(z) = 0 does not intersect S5. Any polynomials which are near P˜0(z) then also
correspond to points in M near P0. In particular, if we consider Q0(z) which just touches
S5 then a deformation
P˜ (z) = z (Q0(z) + δQ(z)) (7.6)
corresponds to a new point inM near P0, not included in (7.2). The physical interpretation
of this class of deformations is clear from the factorized form of P˜ (z): with δQ(z) we are
adding infinitesimally small disconnected surfaces rather than deforming the shape of the
original sphere giant.
The final conclusion of this section is then that the most general perturbation of a sphere
giant z = 0 is given by
P (z) =
(
z +
∞∑
n1,n2=0
δbn1,n2 x
n1yn2
)
(Q0(z) + δQ(z)) (7.7)
such that Q0(z) = 0 touches S
5 and Q0(z) + δQ(z) intersects it. The first factor involving
δbn1,n2 deforms the surface z = 0, while the second factor adds infinitesimally small dis-
connected surfaces. The action and the symplectic form for the two pieces is independent,
because it involves an integral over each surfaces separately. That means we have a product
structure to the phase space in the neighborhood of P0
MP0 =MwvP0 ×MbulkP0 (7.8)
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which has a natural interpretation as world-volume and bulk excitations.
If we perform the quantization locally, we will get a product of Hilbert spaces HP0 =
HwvP0 × HbulkP0 , as long as the excitation number is small so we stay in the neighborhood.
Furthermore, note that MbulkP0 is exactly the same as the full phase space M around the
vacuum point. That is, we might as well be considering quantization of Q(z) = 0 which
barely intersects S5, the existence of z = 0 brane does not have an effect. That means,
we know what HbulkP0 is – it matches the low-energy spectrum of the full H and describes
bulk gravitons, generated by Fock space of wn1,n2,n3 . We identify A
†
k1,k2,k3
in (5.7) with
non-negative ki as the operators generating this “closed string” Fock space around a giant.
The remaining problem is then to get the world-volume spectrum HwvP0 arising from
perturbations (7.4).
7.2 Quantization of world-volume excitations
We now turn to the analysis of the world-volume deformations of the maximal giant
P (z) = z +
∑
m,n≥0
δbm,n x
myn (7.9)
We want to explicitly calculate the symplectic form on this slice of phase space (assuming
|δb|2  1) and subsequently quantize it. This process of quantizing the phase space “locally”
around a solution is analogous to canonical quantization of first-order perturbations using
quadratic effective action [52].
We are deforming an S3 at z = 0:
|x|2 + |y|2 = 1 (7.10)
Let us introduce some world-volume coordinates (σ1, σ2, σ3) on S3, then x(σi), y(σi) are
embedding functions. Small time-dependent perturbations around the spherical shape can be
parametrized by the function z(σi, t). Effectively these are the 2 real transverse coordinates
to S3 in S5, which is a single complex scalar field on the world-volume. In principle for
non-zero z(σi, t) we need to modify x(σi, t), y(σi, t) such that |x|2 + |y|2 + |z|2 = 1 still holds,
however, for |z|  1 this effect is second order in perturbation, and we can ignore it. In that
case the full symplectic form (2.10) simplifies to (see Appendix A):
ω =
2N
pi2
∫
S3
d3σ
(
δz¯ ∧ δz
2i
− δ ˙¯z ∧ δz
8
+
δz¯ ∧ δz˙
8
)
(7.11)
where the integral d3σ is over unit S3 with its standard volume form.
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If we put the time-dependence back in (7.9) according to (2.2) we get
z = δz = −
∑
m,n≥0
δbm,ne
(m+n−1)itxmyn . (7.12)
Plugging this in (7.11) we find
ω =
2N
2pi2
∫
S3
d3σ
∑
m,n≥0
(m+ n+ 1)|x|2m|y|2n δb¯m,n ∧ δbm,n
2i
(7.13)
The integral is easy to do: ∫
S3
d3σ |x|2m|y|2n = 2pi2 m!n!
(m+ n+ 1)!
(7.14)
Note that we never needed the explicit choice of the coordinate σi on the sphere. The final
symplectic form evaluated at P (z) = z is thus
ω = 2N
∑
m,n≥0
m!n!
(m+ n)!
δb¯m,n ∧ δbm,n
2i
(7.15)
Symplectic form (7.15) is just that of a flat CnC−1, and has a simple structure of decoupled
harmonic oscillators δbm,n. Quantization of these perturbations has a straightforward Fock
space structure
Ψ =
∏
m,n
(bm,n)
km,n (7.16)
The U(1)3 charges of the oscillators can be inferred from the transformation of δbm,n in (7.9)
under zi → eiαizi:
P (z) = z +
∑
m,n≥0
δbm,nx
myn → eiα3
(
z +
∑
m,n≥0
δbm,n e
imα1+inα2−iα3xmyn
)
(7.17)
We have factored out an overall irrelevant phase, to keep z term unchanged. This means
bm,n have charges (L1, L2, L3) = (m,n,−1). This does precisely match the spectrum of
world-volume excitations A†k1,k2,−1 proposed in (5.9).
One way to see this result, is as the derivation of the relationship between cn1,n2,n3 coor-
dinates on P and wn1,n2,n3 on M in this particular region. If we expand the Fubini-Study
form (2.11) in the inhomogeneous coordinate patch w0,0,1 = 1, then we know the symplectic
form around P (z) = z = 0 must be
ω = 2N
∑
(n1,n2,n3)6=(0,0,1)
dw¯n1,n2,n3 ∧ dwn1,n2,n3
2i
(7.18)
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for |w|2  1. The U(1)3 charges of wn1,n2,n3 in this patch are (n1, n2, n3 − 1). Comparing
with (7.15) we can thus identify the coordinates7:
wm,n,0 =
√
m!n!
(m+ n)!
δbm,n (7.19)
up to corrections of order O(|δb|2). The remaining coordinates wn1,n2,n3 with n3 ≥ 1 must
be associated with the directions in the phase space which add disconnected surfaces. Note,
however, following the discussion in the previous section, we can not say that wn1,n2,n3 is
proportional to δcn1,n2,n3 in (7.2), although it does have the same charges.
Finally, let us say a word about the limits of approximation in this section. Given the
symplectic form (7.15) in δbm,n coordinates, a single quantum state occupies an area in phase
space
|∆bm,n|2 ∼ 1
2N
(m+ n)!
m!n!
(7.20)
If we require to stay in the region δbm,n  1, there is only a finite number of states available
to fill, and so the number of excitations in state 7.16 should obey
km,n  2N m!n!
(m+ n)!
(7.21)
Note if both m,n are non-zero, the right-hand side could be much less than N . This limit is
misleading, however. More precisely, the requirement for approximation (7.11) to be valid is
that δz, δz˙  1 in (7.12). We can just as well require the whole integral over S3 to be small,
which, looking at (7.15) boils down to
m!n!
(m+ n)!
|δbm,n|2  1 (7.22)
So the approximation can be valid even if δbm,n  1, given m,n are large. In fact, it is valid
precisely where wm,n,0  1. This is just what we expect from the global picture, because
at wm,n,0 ∼ O(1) the phase space starts looking like CPnC−1 rather than just local CnC−1.
In wm,n,0 coordinates (7.18) a single quantum state occupies area |wm,n,0|2 ∼ 1N so the true
limit is
km,n  N (7.23)
independent of the mode. This is consistent with the requirement
∑
km,n ≤ N , which we
know from the global quantization.
The limit on the mode numbers m,n would be set not by the approximations in our
derivation, but rather by the validity of DBI action itself. Since we are in the BPS sector,
7 Perhaps it is clearer in terms of homogeneous coordinates:
wm,n,0
w0,0,1
≈
√
m!n!
(m+n)!
cm,n,0
c0,0,1
, where
w0,0,1, c0,0,1 →∞
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the string length does not play a role, but we can certainly worry if the waves on the brane
have wavelengths of less than Planck length. Recall the Planck length is N−1/4 in units of
AdS radius, while the wavelengths for mode δbm,n are m
−1 and n−1. Requiring them to be
longer than Planck length sets a limit
m,n N1/4 (7.24)
For states with higher quantum numbers the interpretation as waves on the brane will not
hold.
8 World-volume excitations beyond maximal giants
In this section we further generalize the spectrum of excitations around giants found in (5.7).
In particular, we wish to study more general backgrounds, including non-maximal giants.
The discussion here will be more qualitative, nevertheless it will allow us to make connections
to previous work in the literature, and also suggest possible directions for future work.
8.1 Half-BPS backgrounds
Consider a general half-BPS state
Ψ = (w0,0,p)
rp(w0,0,p−1)rp−1 . . . (w0,0,2)r2(w0,0,1)r1(w0,0,0)N−
∑
ri (8.1)
In the Schur polynomial basis it corresponds to a Young diagram with ri rows of length
i. Recall the individual sphere giants in the state can be associated with columns of the
diagram. For starters we want to pick a background which has a few well-separated giants,
for example
Ψ = (w0,0,2)
r2(w0,0,1)
r1(w0,0,0)
N−r1−r2 (8.2)
with r1, r2 ∼ O(N). This state has a bigger giant of size r1 + r2 and a smaller one of size r2,
and is dual to operator χ[2r21r1 ](Z). See Figure 5. This quantum state corresponds to the
classical configuration8:
P (z) = (z − c1)(z − c2). (8.3)
We want to find the spectrum of excitations around this configuration. From previous
sections we know the open string spectrum on a single brane is A†k1,k2,−1, and this applies
8 Remember in this case, unlike Section 5, the quantum state Ψ is not actually localized at a particular
c1, c2 but rather the wavefunction is spread out along the torus (c1, c2)→ (eiθ1c1, eiθ2c2). See the discussion
in Section 3.
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to non-maximal branes too9. Since the two giants are separated, it is reasonable to expect
that each one should carry excitations of a single giant. In fact that is what the symplectic
form tells us – integrate over each surface separately – and we can consider deforming each
giant as in (7.7) and quantizing those deformations. So we expect Fock space generators
with charges:
A
(1) †
k1,k2,−1 , A
(2) †
k1,k2,−1 , A
(c) †
k1,k2,k3
(8.4)
generating world-volume excitations on each brane and the bulk closed string states (hence
superscript c) respectively. The representations of these operators when acting on the state
(8.2) can be constructed as:
A
(1) †
k1,k2,−1 = wk1,k2,0 ∂0,0,1
A
(2) †
k1,k2,−1 = wk1,k2,1 ∂0,0,2
A
(c) †
k1,k2,k3
= wk1,k2,2+k3 ∂0,0,2
(8.5)
Note that any state differing in O(1) oscillators can be build from these, and other generators
we might consider, such as wk1,k2,0 ∂0,0,2 or wk1,k2,2 ∂0,0,1, are not independent.
A suggestive way to visualize this spectrum of excitations is shown in Figure 5. The
X k1 Y k2
X k1 Y k2
X k1 Y k2 Zk3
Figure 5: Young diagram representation of a two giant state (w0,0,2)
r2(w0,0,1)
r1(w0,0,0)
N−r1−r2
and its BPS excitations. Each white row of length k3 corresponds to a factor w0,0,k3 in the
wavefunction and a row with impurity of charge (k1, k2, 0) and k3 white boxes corresponds
to factor wk1,k2,k3 .
rule adopted here to go from diagrams to states is the following: each w0,0,k3 in the state
is represented by k3 length row of white boxes. If, however, we have a generic wk1,k2,k3 , it
9 One difference for non-maximal giants is that besides the shrinking mode A†0,0,−1 = w0,0,0 ∂0,0,1 we can
also act on the background with its conjugate A0,0,1 = w0,0,1 ∂0,0,0, which will grow the brane as long as it
is not maximal
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is represented by a row with k3 white boxes and one “impurity” carrying charge (k1, k2, 0).
The diagrams for excited states, in fact, look very much like the “restricted Schur” operators
[13,14], which are dual to giants with open string excitations.
The correspondence with the restricted Schur operators can indeed be made quite precise.
First, consider states with a single attached string of Y -charge k2. There are two such states
and the dual SYM operators are constructed by adding a Y k2 impurity to either corner of
the Young diagram. They can be expressed as
OR,R1(Y k2) =
∑
σ∈Sn
TrR1(ΓR(σ))Tr
(
σZ⊗n−1 ⊗ (Y k2)) (8.6)
with R the background Young diagram and R1 the diagram after removing the impurity
box. In group theoretic terms, R labels a representation of Sn, and R1 labels an irreducible
component of R under reduction to subgroup Sn → Sn−1. See [14] for details. The states
with Y k2 impurity are known to be “near-BPS”, and can be corrected by O(1/N) terms
to be BPS, without affecting the counting [12]. In our Hilbert space we also have two
single-particle world-volume excitations A
(i)†
0,k2,−1 with i ∈ {1, 2}, and so we can identify
them with the dual operators10. If we consider a more general single string excitation with
(X, Y ) charges (k1, k2), we can construct many distinct impurities, corresponding to different
orderings of X, Y in Xk1Y k2 , and attach them to either of the two corners. Most of these are
dual to excited states of the attached string spin chain [49], which are not BPS. Among the
states, there are precisely two (near-)BPS combinations, those where X, Y are symmetrized.
That is because the symmetrized combination is related by a U(2) transformation to the
Y k1+k2 impurity. The two BPS states can thus be identified with A
(i)†
k1,k2,−1 (Figure 5).
Now let us compare states with multiple attached strings. For simplicity take the at-
tached strings to be distinct. We fix the i’th attached string to have charges (ki, li),
and also to be in the ground state. That means the dual state will have n impurities
(Xk1Y l1), (Xk2Y l2), . . . (XknY ln), with X, Y again symmetrized. According to [13, 14], the
state is then labelled by pairs of Young diagrams with n labels, where the labeling indicates
the order in which n boxes are removed (same boxes in each pair). For example, with two
distinct strings on two giants we have 6 states:
(
2
1 ,
2
1 ), (
2
1
,
2
1
), (
2
1 ,
2
1 ), (
1
2 ,
1
2 ), (
2
1 ,
1
2 ), (
1
2 ,
2
1 ) (8.7)
10Here we are making comparison at the level of counting, so the dual operators might actually be some
linear combinations of A† operators with the same charges. Also, by the dual operator we mean the exact
BPS state, for which the restricted Schur operator (being near-BPS) is the leading term.
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In group theoretic terms these states correspond to
|R→ R1, i〉〈R→ R1, j| (8.8)
where |R→ R1, i〉 labels the irreducible component of R under Sn → Sn−2. Extra label i is
necessary because R1 can occur multiple times. The question is, which of the operators are
BPS, and thus can be matched to the BPS excitations we consider. The precise answer in
general is not known, since the one-loop dilatation action is complicated, and it is hard to find
the BPS states annihilated by it. Nevertheless, the states where the labels of two diagrams
are different (also called “off-diagonal” restricted Schurs) have a natural interpretation as
containing strings stretched between branes, whereas if the two diagrams are the same (“on-
diagonal”), all strings are attached individually to one of the branes. Stretched strings can
not be BPS, since the tension energy would be much higher than the charge, so only the
on-diagonal restricted Schur operators are candidates for BPS states. In the example (8.7)
these would be the first 4 operators. It is easy to see that with n impurities on two giants
there are 2n such states (given n < r1, r2, which we assume to be true). We simply pick from
which column to remove each of the n boxes, and get a labelling. Incidentally, there are also
2n BPS excitations in our Hilbert space, if we specify charges of individual open strings to
be (ki, li). These excitations are constructed as:
A
(i1)†
k1,l1,−1A
(i2)†
k2,l2,−1 . . . A
(in)†
kn,ln,−1 (8.9)
with each ia ∈ {1, 2}. This suggests a correspondence between arbitrary BPS world-volume
excitations and on-diagonal restricted Schur operators, at least at the level of counting. Still,
the precise BPS operators annihilated by one-loop dilatation operator can include corrections
from arbitrary other operators with the same charges, and constructing them explicitly is
an important unsolved problem
We have not carried out a detailed comparison of counting in the case where not all
impurities are distinct, but the correspondence with restricted Schurs should still hold. In
fact, in one special case, where all impurities are single-letter X or Y , we can find an exact
agreement with the results of [18]. The authors of the paper found the number of BPS states
with k1 X impurities and k2 Y impurities to be
d00 = (k1 + 1)(k2 + 1). (8.10)
We expect the X and Y impurities to be generated by
A
(i)†
1,0,−1, A
(i)†
0,1,−1, i ∈ {1, 2} (8.11)
The excitations with (k1, k2) charges are then
(A
(1)†
1,0,−1)
i1(A
(2)†
1,0,−1)
k1−i1(A(1)
†
0,1,−1)
i2(A
(2)†
0,1,−1)
k2−i2 (8.12)
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with 0 ≤ i1 ≤ k1 and 0 ≤ i2 ≤ k2, giving rise to precisely (k1 + 1)(k2 + 1) excitations.
The comparison for this case is even more robust, since the BPS states in [18] were found
explicitly, by looking for eigenstates of one-loop dilatation operator, so we know precisely
the dual BPS operators, that we are matching the excitations with.
The construction described here can be extended to the background (8.1) with any num-
ber p of separated branes. There will be a BPS open string spectrum generated by
A
(i) †
k1,k2,−1 = wk1,k2,i−1 ∂0,0,i, (8.13)
with i running over the number of branes 1 ≤ i ≤ p. The correspondence with the restricted
Schur operators can be established in exactly the same way, where now the impurities are
attached to any of the p corners in the Young diagram, and we get pn states for n distinct
attached strings.
Finally, let us consider the case where the branes are coincident (Figure 6). The state is
X k1 Y k2
X l1 Y l2 X k1+l1 Y k2+l2
X k1 Y k2 Zk3
Figure 6: Young diagram representation of a two coincident giant state (w0,0,2)
r2 and its BPS
excitations.
Ψ = (w0,0,2)
r2(w0,0,0)
N−r2 (8.14)
corresponding to a Young diagram with two columns of the same height. As already discussed
in Section 5 for the case of maximal branes, the open string excitations are:
A†k1,k2,−1 = wk1,k2,1 ∂0,0,2
A†k1,k2,−2 = wk1,k2,0 ∂0,0,2
(8.15)
Because of identical branes it is harder to find an intuitive interpretation for these states:
there is no clear distinction between strings stretching between branes, or attached on one or
the other. Also there is no easy way to see which of the restricted Schur operators should not
be BPS (such as stretched strings). Nevertheless, we can still attempt to match some of the
states. A single excitation A†k1,k2,−1 clearly still corresponds to a single attached string, dual
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to a restricted Schur operator with a single impurity on the corner. Next consider attaching
two distinct strings Xk1Y k2 and X l1Y l2 . There are two such restricted Schur operators that
can be built, corresponding to two ways of taking out two boxes. According to Figure 6 we
could roughly match the two options to the excitations:
A†k1,k2,−1A
†
l1,l2,−1, A
†
k1+l1,k2+l2,−2 (8.16)
But note that the operator A†k1+l1,k2+l2,−2 would be the same for different choices of two
impurities, as long as they have the same total charge. Thus there is no obvious one-to-
one mapping between a subclass of restricted Schur operators and the BPS spectrum of
excitations. One possible scenario is that the states with impurities put in the bottom two
boxes are generically not BPS. However, there is one combination of two impurities with
charges (k1 + l1, k2 + l2) that does produce a BPS state in the bottom two boxes, and that
corresponds to A†k1+l1,k2+l2,−2.
It would be very interesting to confirm the results in this section by explicitly constructing
the BPS combinations of the restricted Schur operators.
8.2 Eighth-BPS backgrounds
In Section 5 we derived the spectrum of excitations around maximal giants, and in the
previous section we discussed the case of general (non-maximal) half-BPS giants. Guided by
these examples we now consider a general eighth-BPS configuration of intersecting sphere
giants.
The background we wish to analyze is the following classical configuration
P (z) =
p∏
i=1
(x− c(1)i )
q∏
i=1
(y − c(2)i )
r∏
i=1
(z − c(3)i ) (8.17)
with p, q, r ∼ O(1). We assume the giants are separated enough to each carry individual
world-volume excitations. Additionally, we take the regime where the giants are not far from
maximal, that is c
(j)
i  1. That means that all of them will still have pairwise intersections
along S1’s. We expect the spectrum of excitations to consist of
1. Bulk gravitons
2. (p+ q + r) two-parameter towers of open string modes on each brane
3. (pq + qr + rp) one-parameter towers of open string modes on S1 intersections
4. (pqr) extra individual modes of the type A†−1,−1,−1 in (5.16) for each choice of three
branes.
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The first question is what is the quantum state corresponding to this background. More
precisely, we look for an energy eigenstate which is spread out on a torus of complex phases
of c
(a)
i , as discussed in Section 3. Let us construct it starting from the maximal giant con-
figuration (wp,q,r)
N containing p, q, r of the x = 0, y = 0, z = 0 maximal giants respectively.
First note, that if we start from a maximal half-BPS state with r giants (w0,0,r)
N then the
general half-BPS state (8.1) can be achieved by shrinking the branes
Ψ =
(
r∏
i=1
(A†0,0,−i)
mi
)
(w0,0,r)
N (8.18)
with A†0,0,−i = w0,0,r−i ∂0,0,r as in (5.19). In the background (wp,q,r)
N we expect operators
A†−i,0,0 = wp−i,q,r ∂p,q,r
A†0,−i,0 = wp,q−i,r ∂p,q,r
A†0,0,−i = wp,q,r−i ∂p,q,r
(8.19)
to have the same physical interpretation on each stack of branes, i.e. correspond to the
shrinking modes. So we propose that the state corresponding to (8.17) in the near-maximal
regime ci  1 is:
Ψ =
(
p∏
i=1
(A†−i,0,0)
ki
)(
q∏
i=1
(A†0,−i,0)
li
)(
r∏
i=1
(A†0,0,−i)
mi
)
(wp,q,r)
N
=
(
p∏
i=1
(wp−i,q,r)ki
)(
q∏
i=1
(wp,q−i,r)li
)(
r∏
i=1
(wp,q,r−i)mi
)
(wp,q,r)
N−∑ ki−∑ li−∑mi
(8.20)
Note the condition that we have no coincident giants remaining translates into the require-
ment that ki, li,mi are all non-zero. In fact, for them to be well-separated but still near-
maximal we pick the parameters in the regime
1 ki, li,mi  N (8.21)
Note that we could establish the relationship between ki, li,mi and c
(a)
i by recalling that
a single giant P (z) = (z − c) has energy E = N(1 − |c|2) and the corresponding state
(w0,0,0)
m1(w0,0,1)
N−m1 has E = N − m1, so m1 = N |c|2. For multiple giants we consider
the Young diagram after taking away mi rows of length i, by comparison with (8.18), and
interpret each column as a separate giant. We do this for each direction ki, li,mi individually.
The excitations around (8.20) can still be generated similarly like for maximal giants
(5.7):
A†i,j,k ≡ wp+i, q+j, r+k ∂p,q,r (i ≥ −p, j ≥ −q, k ≥ −r) (8.22)
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except now we can also act with conjugates of (8.19)
Ai,0,0 = wp,q,r ∂p−i,q,r, A0,i,0 = wp,q,r ∂p,q−i,r, A0,0,i = wp,q,r ∂p,q,r−i (8.23)
The A†i,j,k and their conjugates still form a complete basis for generators of excitations, that
is, any “nearby state” can be constructed by their action. The fact that we are free to act
with conjugates, however, has an important consequence. We can define a new basis for the
generators of excitations
B†i,j,k = A
†
i,j,k i, j, k ≥ 0, i+ j + k > 0
B
(i)†
−1,j,k = A
†
−i,j,k Ai−1,0,0 j, k ≥ 0, i ∈ {1 . . . p}
B
(i,j)†
−1,−1,k = A
†
−i,−j,k Ai−1,0,0A0,j−1,0 k ≥ 0, i ∈ {1 . . . p}, j ∈ {1 . . . q}
B
(i,j,k)†
−1,−1,−1 = A
†
−i,−j,−k Ai−1,0,0A0,j−1,0A0,0,k−1 i ∈ {1 . . . p}, j ∈ {1 . . . q}, k ∈ {1 . . . r}
(8.24)
plus analogous excitations in other directions:
B
(j)†
i,−1,k, B
(k)†
i,j,−1, B
(i,k)†
−1,j,−1, B
(j,k)†
i,−1,−1 (8.25)
Note that B
(i)†
−1,0,0, B
(i)†
0,−1,0, B
(i)†
0,0,−1 are the only modes that are in non-ground state, that is,
we can also act with their conjugates
B
(i)
1,0,0 = A
†
−i+1,0,0Ai,0,0, B
(i)
0,1,0 = A
†
0,−i+1,0A0,i,0, B
(i)
0,0,1 = A
†
0,0,−i+1A0,0,i (8.26)
on the background.
The point of this construction is that we can consistently “fix” each excitation A†i,j,k by
some extra conjugate generators Ai′,j′,k′ to get the desired charges. Most importantly, one
can convince oneself that every excited state can be uniquely generated by some combination
of B† and their conjugates B, so this basis is as good as A† and A. In other words, we can
invert the relationship to express each A† and A in terms of B† and B. One may worry
that by doing this transformation we ruin the commutation relationships. However, for
current purposes we are not using the full algebra, instead we just use the operators to freely
generate the spectrum. Thus the requirement for the operators is only that by acting with
arbitrary combinations of raising operators (or lowering, if the mode is not in the ground
state), ordered in some canonical way, we generate each state exactly once.
The goal of all this is, of course, that we can now easily interpret these excitations as
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expected in the beginning of the section:
Operator Interpretation
B†i,j,k Bulk closed strings
B
(i)†
−1,j,k Modes on x giants (p of them)
B
(j)†
i,−1,k Modes on y giants (q of them)
B
(k)†
i,j,−1 Modes on z giants (r of them)
B
(i,j)†
−1,−1,k Modes on (x, y) giant intersections (pq of them)
B
(i,k)†
−1,j,−1 Modes on (x, z) giant intersections (pr of them)
B
(j,k)†
i,−1,−1 Modes on (y, z) giant intersections (qr of them)
B
(i,j,k)†
−1,−1,−1 Composite mode on each triplet of giants (pqr of them)
(8.27)
Note the superscript (i) in e.g. B
(i)†
−1,j,k does not exactly label the giant which we excite – our
main point is that there is the right multiplicity of modes. The actual excitations of each
giant could be some linear combinations of those.
As a consistency check note that in the half-BPS case with r non-coincident branes (8.1)
we get:
B
(k)†
i,j,−1 = A
†
i,j,−k A0,0,k−1
= (wi,j,r−k ∂0,0,r) (w0,0,r ∂0,0,r−k+1)
= wi,j,r−k ∂0,0,r−k+1
(8.28)
which matches (8.13).
Note the construction in this section clarifies the question raised in Section 5, how exactly
the label k in A†i,j,−k corresponds to the number of branes. If the branes are separate, we
can combine this operator with A0,0,k−1 to build the excitation B
(k)†
i,j,−1 with the right charge,
in which case k corresponds directly to the multiplicity of branes that we can excite. When
the branes coincide, however, we lose such individual states since we can not distinguish the
branes. Then we can only act with A†i,j,−k, since A0,0,k−1 annihilates the state, and the label
k is better interpreted as how many out of the r branes we excite.
9 Discussion
9.1 From oscillators to gauge invariant BPS operators
The analysis we have given in this paper of the connection between specific states in the
Hilbert space of eighth-BPS states at strong coupling (λ = g2YMN large) and the moduli
space of brane geometries is a step in addressing the broader problem of associating explicit
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gauge invariant eighth-BPS operators to brane geometries. From the gauge theory, the weak
coupling limit is the natural starting point, but encounters an important subtlety that the
BPS spectrum jumps from zero to weak coupling. It is believed not to jump further as
the coupling is tuned to become strong. For the Hilbert space of BPS operators at zero
coupling a nice group theoretic orthogonal basis was found in [21, 46]. The labels of this
basis are (Λ,MΛ, R, τ). Here Λ is a representation of U(3), R is a Young diagram with a
finite number of rows. R and Λ have the same number of boxes, say this is n, then τ is
a Clebsch-Gordan multiplicity for Sn which couples R ⊗ R → Λ. The problem of a U(3)
covariant construction of BPS operators at weak coupling was considered in [24]. We defined
the Hilbert space H∞, spanned by |R,Λ, τ〉 for all n, which can be viewed as an inductive
(N → ∞) limit of the free Hilbert space associated with CFT operators (equally states
by the operator-states correspondence) constructed from holomorphic combinations of three
complex matrices X, Y, Z of size N . The construction of BPS operators at finite N is achieved
by considering P(N)I which is a projector for the intersection space of Im(P) ∩ Im(IN). The
projector P acts on the free Hilbert space of operators by symmetrizing traces and the
projector IN implements the finite N constraint (see [24] for more details).
The derivation from the weakly coupled gauge theory of the Hilbert space in terms of
oscillators such as arises from the quantization of giant graviton moduli spaces is a highly
non-trivial problem. At the level of counting states, there is already a clear argument for the
matching of states. However, the matching at the level of a map between oscillator states
and explicit BPS gauge invariant operators is a non-trivial problem. Solving it would allow
the study of fluctuations around the eighth BPS configurations from the gauge theory point
of view, extending the detailed understanding that is available for fluctuations around the
half-BPS configurations.
One aspect of the oscillator Hilbert space that has played a role in this paper (Section 6)
is the way the number of states changes as a function of N . At some fixed N , we can grade
the Hilbert space according to the states that exist at N but not at N − 1, at N − 1 but not
at N − 2, etc. A similar construction is possible on the gauge theory side. There is a chain
of subspaces
Im(P(N=2)I ) ⊂ Im(P(N=3)I ) ⊂ · · · ⊂ Im(P(N−1)I ) ⊂ Im(P(N)I ) (9.1)
By applying G(N) to these subspaces, we can construct BPS operators for the Hilbert space
at rank N . We can start from G(N)P(N=2)I and then construct G(N)P(N=3)I ensuring that the
components parallel to G(N)P(N=2)I , in the finite N free field inner product, are projected
out. Then inductively by a Gram-Schmidt procedure we can obtain a decomposition
H(N)BPS = H(N ;2)BPS ⊕H(N ;3)BPS · · · ⊕ H(N ;N)BPS (9.2)
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The space H(N ;i)BPS is the subspace of BPS states at rank N which exists at rank i but not
above. These states can be matched with the subspace of the finite N oscillators which have
precisely i excited oscillators and no more.
The above construction provides an algorithm for identifying the decomposition of the
Hilbert space corresponding to number of oscillators. From the oscillator Hilbert space,
we have a more complete group theoretic basis including labels Λ, Y . The label Λ is well
understood using the U(3) covariant description of the free Hilbert space and of the action of
the one-loop dilatation operator. An algorithm for constructing the label Y is an interesting
problem for the near future. More ambitiously, we would like to find the gauge theory
construction for all the labels appearing in (4.15).
It is instructive to express the problem at hand in more geometric language. The Fock
space states are in one to one correspondence with functions on the symmetric product
SN(C3). This is in fact the description that arises naturally from the quantization of AdS
giants. The correspondence is
L∏
p=1
wipjpkp ↔
∑
σ∈SN
L∏
p=1
x
ip
σ(p)y
jp
σ(p)z
kp
σ(p) (9.3)
The gauge theory involves the zero-eigenstates of the one-loop dilatation operator
H2 =
3∑
i 6=j=1
tr[Xi, Xj][Xˇi, Xˇj] (9.4)
acting on the space of gauge-invariant holomorphic functions of the matrices X, Y, Z. The
gauge symmetry U(N) acts as
Xi → UXiU † (9.5)
We may say that the precise understanding of the gauge theory construction of the operators
is a question of understanding the mapping
Fun(SN(C3))↔ Ker(H2) on Fun
(
gl(N ;C)×3//U(N)
)
(9.6)
9.2 Localization in moduli space versus space-time
One of the most fascinating aspects of a single half-BPS giant graviton is that its growth in
size as a function of angular momentum has been interpreted as a consequence of space-time
uncertainty [4]. This may be related to non-commutative deformations of space-time [53].
Our investigations highlight an interesting variation on this discussion. When we view giant
graviton states from the perspective of quantization of their moduli space, there is naturally
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some delocalization on this moduli space due to conventional quantum mechanics. Our anal-
ysis showed how oscillator eigenstates are localized on the base simplex of a toric fibration of
the moduli space, while being spread out on the torus fibers. Special states were identified
as being localized at the corners of the simplex, where the torus fibers degenerate and the
uncertainty on the moduli space is minimized. We then found that these extremal states
correspond to composites of maximal giants x = 0, y = 0, z = 0 described by monomials
xm1ym2zm3 = 0. In the simple case of single giant in the half-BPS sector the maximal state
corresponds to the end of an interval. Here the S1 fiber of the toric description of S2 degen-
erates. So delocalization (maximally large brane) is accompanied by maximal localization
in the moduli space. At the opposite end of the interval, there is also localization in moduli
space, but here the small giant is better described as a Kaluza-Klein wave of low momen-
tum, so again spread out in space, albeit not in S3 ∈ S5 but along S1 in S5. It is natural to
wonder how general is this complementarity between delocalization in space and localization
in moduli space.
9.3 From Brane geometries to space-time geometries
It is known that operators with dimensions of order N correspond to giant graviton branes.
Stacks with large numbers of branes back-react and produce LLM-type geometries when the
dimensions are of order N2.
While it is true that one can construct coherent states localized near any point of the
moduli space, this does not give any detailed information about how a complete set of states
is localized on the moduli space. In the example of eighth-BPS giant gravitons described
by Mikhailov polynomials, it has been argued that after closing appropriate holes etc, the
physical moduli space is made of projective spaces. The map between the coefficients of the
polynomials and projective spaces is non-trivial. The holomorphic wavefunctions in this case
have a localization, and lack thereof, which can be understood using fuzzy geometry. They
are localized in the base of the toric fibration description of the projective spaces and they
are constant along the torus fibers.
The oscillator states (equivalently holomorphic wavefunctions on the projective space)
are eigenstates of various Casimir-like operators e.g
Qn1,n2,n3 =
∑
i,j,k
in1jn2kn3wi,j,k∂i,j,k (9.7)
which commute with the Hamiltonian. In any given physical situation, certain observables
will be measurable, and they will determine the right basis. It is then of interest to find the
degree of localization of the states in this basis.
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In Mathur’s fuzzball program for understanding black holes [54], one obtains the states
of black holes by quantizing an appropriate moduli space of solutions. The validity of
semiclassical quantization around a fixed background, as an account of Hawking radiation
or of infall, is subject to the question of the extent to which the appropriate physics can be
solved in a local analysis in the moduli space. The precise set-up and the questions asked will
determine the observables. These will be analogous to the Casmirs mentioned above, and
this in turn will constrain the appropriate bases of states. The degree of localization of these
states will then affect the validity of semiclassical quantization around a fixed background.
While eighth-BPS backgrounds do not admit finite horizon areas, they have a substantial
layer of complexity beyond the half-BPS case, and can provide a valuable laboratory for
quantitative studies of states, localization and dynamics. Some of the lessons and techniques
can be expected to carry over to the sixteenth BPS case where finite horizon area black holes
are possible and efforts at state counting have been initiated [26]. Turning on perturbations
to go away from extremality is another way to obtain finite horizon area [35]. The way fuzzy
geometry techniques provide the tools to connect states to points or regions of the moduli
space is one lesson we expect will have applicability beyond the eighth-BPS set-up here.
9.4 Fuzzy spaces and correlators
We have focused attention on the quantum state space here, and used fuzzy geometry to
connect to points and regions of moduli space. The fuzzy projective spaces will also provide a
way to approach the gauge theory correlators. Consider for example the half-BPS operators
OR, which have 2 and 3-point functions [6]
〈OROS〉 = δRSfR
〈OROSO†T 〉 = g(R, S, T )fT
(9.8)
where fR, g(R, S, T ) are appropriate group-theoretic quantities. If we restrict to Young dia-
grams with no more than d columns, we would be looking at the quantization of polynomials
in one variable of degree up to d. The Hilbert space consists of holomorphic wavefunctions
on CPd and is isomorphic to SymN(Vd+1). The holomorphic coordinates are WI = w0,0,I for
I = 0 · · · d. The states W nII |0〉 can be mapped to Young diagrams with nI rows of length I.
If the inner product of the holomorphic wave functions is f˜R, then∏
I
W
nI(R)
I |0〉 →
f˜R
fR
|R〉 (9.9)
If we associate an operator OR to each state |R〉 according to the formula
OR|S〉 =
∑
T
fTg(R, S, T )|T 〉 (9.10)
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then 〈T |OR|R〉 will reproduce the three-point function in (9.8). Since |S〉, |R〉 have been ex-
pressed in terms of the Hilbert space of the fuzzy CP using (9.9), the operators is (9.10) are
elements in the fuzzy CP algebra, which reproduce the correct 3-point function by construc-
tion. The challenge is to understand how to derive (9.10) from the dynamics of the moduli
space of gravitons. Such a derivation may require an effective action taking into account the
effects of integrating out the non-BPS excitations. Certainly for the non-extremal correla-
tors, an appropriate account of non-BPS states in intermediate channels would be necessary.
An interesting discussion of the space-time computation of the half-BPS correlators, from
another point of view, can be found in [55].
10 Summary and outlook
We have developed techniques to map BPS states to BPS brane configurations. Fuzzy geome-
try and toric fibrations (Section 3), factorization properties of partition functions(Section 6),
and local analysis of the symplectic form on the moduli space (Section 7) have all been useful
in shedding light on this problem.
Our first main result is an identification of the spectrum of BPS world-volume excitations
for specific brane geometries. The second main result is a group theoretic labelling of the
states in the eighth-BPS sector at finite N , which comes from the structure of giant graviton
moduli spaces.
We expect the results of this paper to give useful information towards the construction of
gauge theory operators for eighth-BPS states corresponding to specific giant graviton geome-
tries, which in turn should lead to operators for both BPS and non-BPS excitations of these
states. The restricted Schur technology gives a way to modify half-BPS operators, guided by
group theoretic labels (Young diagrams) characterizing the background operator. The group
theoretic labels we developed in Section 4 for the eighth-BPS sector, involving U(3) and
U(N) Young diagrams along with other group-theoretic multiplicities, would be expected
to play a similar role. The specific BPS excitation spectrum around various geometries of
branes constitute predictions for a variety of brane systems, including non-abelian systems of
coincident parallel branes as well as branes which are composites intersecting along a circle.
Recovering these predictions from non-abelian DBI actions or world-sheet string methods is
a fascinating direction for the future.
We also expect that the techniques for mapping quantum states to brane geometries can
be applicable in the context of bulk geometries related to black holes. These can involve
generalizing the considerations of this paper to quarter and eighth-BPS space-time geometries
and their non-extremal finite horizon deformations, which have been studied in [35, 56]. It
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would be extremely interesting to develop a general map between quarter- or eighth-BPS
bulk geometries and operators, analogous to LLM [57] in the half-BPS case. Progress in
characterization of such quarter-BPS geometries has been made in [58], and a study of
corresponding operators in Brauer basis was initiated in [25]. Another direction is to consider
sixteenth BPS states.
The techniques for mapping quantum states to geometries should admit application to
more general cases of AdS/CFT where the S5 is replaced by a more general Sasaki-Einstein
manifold. The connection between dual giant gravitons (large in the AdS) and the description
of quantum states available from the gauge theory has been developed [43]. But the analogous
connection with giants which are large in the Sasaki-Einstein space is a very interesting area
for future research.
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A Symplectic form for perturbations of sphere giant
In this appendix we derive the symplectic form for arbitrary perturbations of a non-maximal
half-BPS giant. Our derivation is along the lines of that found in Appendix F in [29], and
we use some results from there. The unperturbed solution is defined by the polynomial:
P (z) = z − c0 (A.1)
The surface in S5 is:
|x|2 + |y|2 = 1− |c0|2
z = eitc0
(A.2)
where we have also put the time-dependence back in. We pick world-volume coordinates
(σ1, σ2, σ3) to be some coordinates on a unit S3 embedded in C2, so that we have functions
x0(σ
i) and y0(σ
i) satisfying
|x0(σi)|2 + |y0(σi)|2 = 1. (A.3)
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The unperturbed surface in terms of the world-volume coordinates is
x(σi, t) =
√
1− |c0|2 x0(σi)
y(σi, t) =
√
1− |c0|2 y0(σi)
z(σi, t) = eitc0
(A.4)
Small perturbations around the spherical shape are parametrized by a complex function
δz(σi, t) = z(σi, t)− eitc0 (A.5)
Effectively these are the 2 real transverse coordinates to S3 in S5.
The general expression for symplectic form is (2.10):
ω = ωBI + ωWZ
ωBI =
N
2pi2
∫
Σ
d3σ δ
(√−gg0α ∂xν
∂σα
Gµν
)
∧ δxµ
ωWZ =
2N
pi2
∫
Σ
d3σ
δxλ ∧ δxµ
2
(
∂xν
∂σ1
∂xρ
∂σ2
∂xσ
∂σ3
)
λµνρσ
(A.6)
Gµν is the metric on unit S
5 ×R and gαβ is the induced metric on the world-volume Σ×R.
Note
ωBI =
N
2pi2
∫
Σ
d3σ δpµ ∧ δxµ (A.7)
with the definition of conjugate momentum
pµ =
√−gg0α ∂x
ν
∂σα
Gµν . (A.8)
We will see now that these expressions can be simplified significantly for the case at hand.
First, the only perturbation of the surface δxµ can be taken to be δz. In principle the surface
has to be deformed in δx and δy away from (A.4), but those are higher order in δz and can
be dropped. That results in:
ωBI =
N
2pi2
∫
Σ
d3σ (δpz ∧ δz + δp¯z ∧ δz¯)
pz =
√−g g00 (Gzz z˙ +Gzz¯ ˙¯z)
(A.9)
and the Wess-Zumino piece:
ωWZ =
2N
pi2
∫
Σ
d3σ
√
gS3 (1− zz¯)δz¯ ∧ δz
2i
(A.10)
The S5 is now represented as a S3 fibered over a unit disk in z, so
(ds2)G = −dt2 + z¯
2dz2 + 2(2− zz¯)dzdz¯ + z2dz¯2
4(1− zz¯) + (1− zz¯)(ds
2)S3 (A.11)
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and the relevant components:
Gzz =
z¯2
4(1− zz¯) , Gzz¯ =
2− zz¯
4(1− zz¯) (A.12)
The induced metric on the unperturbed solution is
(ds2)g = −(1− |c0|2)dt2 + (1− |c0|2)(ds2)S3 (A.13)
and so √−g = (1− |c0|2)2
√
gS3 (A.14)
The bit that requires some work is the evaluation of δpz in (A.9) under the deformation
δz. We need to vary all components:
δpz = δ(
√−g) g00 (Gzz z˙ +Gzz¯ ˙¯z)
+
√−g δg00 (Gzz z˙ +Gzz¯ ˙¯z)
+
√−g g00 (δGzz z˙ + δGzz¯ ˙¯z)
+
√−g g00 (Gzzδz˙ +Gzz¯δ ˙¯z)
(A.15)
First we reexpress δ
√−g = 1
2
√−g gµνδgµν and δg00 = −(g00)2δg00. Then we need variations
of the induced metric:
δg00 = δ (z˙z˙Gzz + 2z˙ ˙¯zGzz¯ + ˙¯z ˙¯zGz¯z¯)
δgij = −(gS3)ijδ(zz¯)
(A.16)
And the δGzz, δGzz¯ are calculated by varying (A.12). Putting everything together we find a
simple result:
δpz = −
√
gS3
(
1
2
δ ˙¯z + i|c0|2δz¯ + i
2
c¯0 δz
)
(A.17)
Now we can evaluate (A.9):
ωBI =
2N
pi2
∫
S3
d3σ
(
|c0|2 δz¯ ∧ δz
2i
− δ ˙¯z ∧ δz
8
+
δz¯ ∧ δz˙
8
)
(A.18)
We have dropped the explicit measure on the unit sphere
√
gS3 and consider it part of the
definition of
∫
S3
d3σ. Finally, combining this with ωWZ we arrive at the final result
ω =
2N
pi2
∫
S3
d3σ
(
δz¯ ∧ δz
2i
− δ ˙¯z ∧ δz
8
+
δz¯ ∧ δz˙
8
)
(A.19)
where the integral d3σ is now over unit S3 with its standard volume form.
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Now let us use (A.19) to evaluate the symplectic form in a particular basis of world-
volume perturbations:
P (z) = z − c0 +
∑
m,n≥0
δbm,n x
myn (A.20)
With time dependence as P (e−itx, e−ity, e−itz) = 0 it is
z = eitc0 −
∑
m,n≥0
δbm,ne
(1−m−n)itxmyn . (A.21)
We have x =
√
1− |c0|2 x0 and y =
√
1− |c0|2 y0 as in (A.4). To first order in δbm,n it
remains unchanged and so:
z = eitc0 −
∑
m,n≥0
δbm,ne
(1−m−n)it(1− |c0|)(m+n)/2xm0 yn0 (A.22)
That gives us the variation in z and z˙:
δz = −
∑
m,n≥0
δbm,ne
(1−m−n)it(1− |c0|)(m+n)/2xm0 yn0
δz˙ = i
∑
m,n≥0
δbm,n(m+ n− 1)e(1−m−n)it(1− |c0|)(m+n)/2xm0 yn0
(A.23)
Plugging this in (A.19) we find
ω =
2N
2pi2
∫
S3
d3σ
∑
m,n≥0
(m+ n+ 1)|x0|2m|y0|2n(1− |c0|2)m+n δb¯m,n ∧ δbm,n
2i
(A.24)
We have already dropped the cross-terms which depend on x0, y0 and not only on |x0|, |y0|,
since the integral of such terms on S3 is 0. The remaining terms are time-independent. The
integral is easy to do: ∫
S3
d3σ |x0|2m|y0|2n = 2pi2 m!n!
(m+ n+ 1)!
(A.25)
Note that we never needed the explicit choice of the coordinate σi on the sphere. The final
symplectic form evaluated at P (z) = z − c0 is thus
ω = 2N
∑
m,n≥0
m!n!
(m+ n)!
(1− |c0|2)m+n δb¯m,n ∧ δbm,n
2i
(A.26)
Note from (A.20) that δb0,0 is in fact the variation of c0, that is, dc0 = −δb0,0. Thus we
can use the requirement that the symplectic form be closed
dω = 0 (A.27)
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to complete ω to an exact expression in c0 and up to quadratic order in other bm,n. The
result is:
ω = 2N
[(
1−
∑
m+n>0
m!n!
(m+ n− 1)!(1− |c0|
2)m+n−1|bm,n|2
+
∑
m+n>0
m!n!
(m+ n− 2)! |c0|
2(1− |c0|2)m+n−2|bm,n|2
)
dc¯0 ∧ dc0
2i
+
∑
m+n>0
m!n!
(m+ n)!
(1− |c0|2)m+ndb¯m,n ∧ dbm,n
2i
−
∑
m+n>0
m!n!
(m+ n− 1)!(1− |c0|
2)m+n−1
c0b¯m,n dc¯0 ∧ dbm,n + bm,nc¯0 db¯m,n ∧ dc0
2i
]
+O(|b|4)
(A.28)
This is the full symplectic form at any point c0 expanded for small bm,n.
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